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ABSTRACT

In sensor management applications, sometimes it may be dif-

ficult to find a goal function that meaningfully represents the

desired qualities of the estimate, such as when we do not have

a clear performance metric or when the computation cost of

the goal function is prohibitive. An alternative is to use goal

functions based on information theory, such as the Rényi di-

vergence (also called α-divergence).

One strong argument in favor of information-driven sen-

sor management is that the Rényi divergence is a “near-

universal” proxy for arbitrary task-driven risk functions,

implying that these could be replaced by a Rényi divergence-

based criterion, and this would usually result in satisfactory

performance. In this paper, we present a rebuttal to that argu-

ment, which implies that finding theoretical justification for

information-driven sensor management still seems to be an

open problem.

Index Terms— Sensor management, information theory,

Rényi divergence

1. INTRODUCTION

Sensor management is a control problem associated with par-

tially observed systems, where the control action aims to in-

fluence the generation of observations (direct feedthrough)

and not the state of the system, generally with the goal of ob-

taining the best possible estimation quality of the state given

limited sensoring resources.

Typically the sensor management problem is formulated

by minimization of a risk function related to the error be-

tween the true state and the estimated state; this is the so-

called “task-driven” sensor management. An alternative is

instead attemping to improve (in some sense) the “informa-

tion content” of the distribution. This “information-driven”

sensor management consists of choosing the control decision

that maximizes some notion of information gain (or, alterna-

tively, minimizes some notion of uncertainty).

The first suggestion of using information theory in a

problem related to sensor management and state estimation

appears to have been by Hintz and McVey [1, 2], who con-

sider Shannon entropy in target tracking using Kalman Fil-

ters. Subsequently, Manyika and Durrant-Whyte [3] consider

expected information gain in sensor management and data

fusion problems, and Schmaedeke and Kastella [4], Kastella

[5], and Mahler [6] have considered the Kullback-Leibler

(KL) divergence in various sensor management scenarios.

The idea of using the more general Rényi divergence (or α-

divergence), instead of the KL divergence, was introduced by

Kreucher, Kastella and Hero [7].

Two subsequent works [8, 9] of Kreucher, Kastella and

Hero are particularly relevant as they made a strong theoret-

ical argument in favor of information-driven sensor manage-

ment, by claiming that the expected value of arbitrary risk

functions is sandwiched between functions of two marginal-

ized Rényi divergences; this would make a criterion based

on the α-divergences a “near-universal” proxy for task-driven

sensor management.

This work is organized as follows. Section 2 briefly de-

scribes the sensor management problem, and also describes

the task-driven and information-driven approaches. Section

3 describes the Rényi divergence and the theoretical justifi-

cation presented until so far for its use in sensor manage-

ment, including the “near-universal” proxy argument. Section

4 presents a rebuttal to the “near-universal” proxy argument,

and Section 5 draws the conclusions of this work.

2. THE SENSOR MANAGEMENT PROBLEM

Let us consider a (static or dynamic) scenario described by a

state X , observed by a measurement device composed of one

or more sensors, with the sensor observations Y corrupted

by random errors. These measurements are used as input to

an estimator, which obtains an estimate Ψ̂ of a quantity of

interest Ψ, in general a function of X .

A feedback occurs through a sensor management device,

which uses Ψ̂ or other statistics computed by the estimator to

select a control decision (or “sensing action”) U that affects

the generation of subsequent observations. Typically, U is

chosen by minimization (or maximization) of the expectation



of a risk (or reward) function γ(X,Y, U).
More generally, we can also perform “long-term” sensor

management, i.e. to make our control decision considering

what will happen in a time horizon k0 + 1, . . . , k0 + H . In

this case, the goal function γ depends on Xk0+1,...,k0+H ,

Yk0+1,...,k0+H , and Uk0+1,...,k0+H . Each decision Uk is

not modelled as determistic but as a random variable which

may depend on information Yk0+1,...,k−1 and Uk0+1,...,k−1.

Therefore, our goal is not actually to determine a real-

ization uk for UK but instead a control law ηk, where

Uk = ηk(Yk0+1,...,k−1, Uk0+1,...,k−1). For the sake of sim-

plicity we will not consider this more general formulation,

although everything discussed in this paper also applies to it.

From now on, we are going to use the notation µA|B to

refer to the distribution of a random variable A conditioned on

a random variable or control decision B. In particular, we will

refer to µX and µX|Y,U as prior and posterior distributions

of X respectively. For convenience, the time index and the

conditioning on past measurements and control decisions will

be implicit on all distributions and densities.

2.1. Task-driven sensor management

Let ε(Ψ, Ψ̂) be a performance metric for our estimator, cor-

responding to some measure of error between the estimated

quantity Ψ̂ and the true quantity Ψ. For instance, the square

error would be given by ε(Ψ, Ψ̂) = (Ψ− Ψ̂)2.

In task-driven sensor management, we directly attempt to

optimize our performance metric, i.e. the control decision is

chosen by the optimization

argmin
U

EµX,Y |U

[

ε(Ψ, Ψ̂)
]

. (1)

Naturally, we can define task-driven criterions that do not

precisely have form (1), such as when we use a performance

metric that is not function of the true state (for instance, the

maximum posterior probability suggested in [8]). While per-

forming task-driven sensor management is intuitive and seem-

ingly straightforward, it can be impractical in some situations.

First, as also remarked by Kreucher, Kastella and Hero

[8], it may be difficult to define a metric of the form ε(Ψ, Ψ̂)
that meaningfully measures performance of our estimator, for

instance when we have multiple goals with subjective impor-

tance. This also happens when our goals are defined in differ-

ent dimensions or state spaces.

Second, if obtaining our performance metric already in-

curs a significant computation cost, performing sensor man-

agement based on it may be computationally unfeasible. This

is because performing sensor management is much more ex-

pensive than computing performance metrics, since according

to (1), we also need to integrate over X and Y , and the goal

function must be evaluated for every possible control deci-

sion u. Also, although we usually can compute a performance

metric off-line, evaluating goal functions for sensor manage-

ment must be made on-line.

2.2. Information-driven sensor management

One alternative to task-driven sensor management is to define

a goal function based on the distribution of X itself, not on

the estimate or on the true state. In information-driven sensor

management, we attempt to maximize the “information con-

tent” of the posterior, i.e. its capacity of yielding (in some

sense) useful information to the operator, rather than attempt-

ing to maximize the quality of a particular estimate.

For instance, we may obtain the control decision by

argmin
U

EµY |U

[

f(µX|Y,U )
]

(2)

where f is some measure of information content of the pos-

terior distribution. One common choice of f is the Shannon

entropy (or one of its generalisations, including the Rényi en-

tropy). Alternatively, instead of just looking at the posterior

distribution, we may attempt to maximize some notion of in-

formation gain between prior and posterior distributions. In

this case, we have

argmax
U

EµY |U

[

f(µX|Y,U , µX)
]

. (3)

Examples of f include the Kullback-Leibler divergence

and its generalisations, including the Rényi divergence.

3. THE RÉNYI DIVERGENCE AND THE

“NEAR-UNIVERSAL PROXY” ARGUMENT

The Rényi divergence (or α-divergence) is a measure of dif-

ference between two distributions. Consider a pair of distri-

butions µ and ν which admit densities p(x) and q(x) respec-

tively with respect to a dominating σ-finite measure ρ. The

α-divergence from µ to ν (or alternatively, from p to q) is

given by

Dα(p‖q) ,
1

α− 1
log

∫

pα(x)q1−α(x)ρ(dx). (4)

where α is the order of entropy, and we apply the conventions

pα(x)q1−α(x) = 0 for p(x) = q(x) = 0, and a/0 = ∞ for

a > 0. D0 and D1 are defined using the limits from right

and left respectively, which makes [10] D1 the same as the

Kullback-Leibler divergence.

From our previous discussion, in sensor management we

would be interested in making a decision that maximizes

the information gain, i.e. the difference between pX and

pX|Y,U . Thus we can maximize the expectation of either

Dα(pX|Y,U‖pX) or Dα(pX‖pX|Y,U ).
For sensor management purposes, it may seem intuitive

to choose a sensing action that maximizes the “information

gain” obtained by moving from prior to posterior density. The

problem is to identify what this information gain means for

practical purposes.

It was suggested in [11] that we use the α-divergence

which, in some sense, maximizes the discrimination capa-

bility between prior and posterior distributions, which would



correspond to an optimal notion of information gain. How-

ever, through a few examples, Aughenbaugh and La Cour

[12] showed that using divergences with higher discrimina-

tion capability does not necessarily lead to more informative

posteriors.

3.1. The “near-universal” proxy argument

The “near-universal” proxy argument [8] is perhaps the

strongest theoretical justification until so far for the use of

information-driven sensor management, as it directly links

it to task-driven sensor management. Let us consider some

control decision u, a realization y of observation Y , and a

task-driven goal γ(X, y, u) = ε(X, X̂). The argument claims

that the expectation of γ w.r.t. µX|Y,U admits the following

“sandwich-inequality”:

w exp

(

−
1− α2

α2

Dα2
(µX|Y,U‖µX|U )

)

≤ EµX|Y,U
[γ(X, y, u)] ≤

W exp

(

−
1− α1

α1

Dα1
(µX|Y,U‖µX|U )

)

(5)

where w and W are respectively the lower bound and upper

bound of γ, and the distribution µX|U may be replaced by µX

under a few additional assumptions. There is a contradiction

between [8] and [9] w.r.t. the values of α1 and α2; we will

show that [9] has the correct values, i.e. α1 > 1 and α2 ∈
[0, 1).

According to [9], this “sandwich-inequality” would im-

ply that the Rényi divergence is a “near-universal” proxy that

performs nearly as well as task-specific optimal policies for

a wide range of tasks. By maximizing an α-divergence with

α < 1, we would automatically minimize a lower bound on

the value of arbitrary error functions. Therefore we could re-

place possibly complex and computationally expensive task-

driven risk functions by a criterion based on α-divergences

and usually expect a satisfactory performance.

4. REBUTTAL OF THE “NEAR-UNIVERSAL”

PROXY ARGUMENT

The “sandwich-inequality” (5) was used to justify the use of

the Rényi divergence in a series of other works [13, 9, 14, 15].

Since the “near-universal” proxy argument seems very strong

given the properties of information-driven measures that we

have been able to identify until so far, we will attempt to re-

peat the same derivations done in [8] and check the validity

of these results.

Let’s consider again some control decision u and a real-

ization y of observation Y . Then let γ(X, y, u) be an arbitrary

non-negative risk function that depends on the system state

X or some appropriate subset of it. We assume that γ has at

least either an upper bound W (y, u) < ∞ or a lower bound

w(y, u) > 0 (for the sake of rigorousness we show explic-

itly the dependence of the bounds on y and u). Note that this

assumption can be already quite restrictive; for instance, if

pX|Y,U is normal and the risk function is the sum of the RMS

errors, we don’t have either W (y, u) < ∞ or w(y, u) > 0.

Now, we make the assumption that µX = µX|U , and by

noting that the support of pX|Y,U is contained in the support

of pX , we have

EµX|Y,U
[γ(X, y, u)]

=

∫

γ(x)pX|Y,U (x|y, u)ρ(dx)

=

∫

γ(x)
pX|Y,U (x|y, u)

pX(x)
pX(x)ρ(dx)

= EµX

[

γ(x)
pX|Y,U (x|y, u)

pX(x)

]

. (6)

Let’s assume that α ∈ [0, 1). For any a > 0, then it is easy

to see that aα is a concave function, and by applying Jensen’s

inequality to (6), we have

EµX|Y,U
[γ(X, y, u)]

≥

(

EµX

[

γα(x)
pαX|Y,U (x|y, u)

pαX(x)

])
1

α

≥

(
∫

γα(x)pαX|Y,U (x|y, u)p
1−α
X (x)ρ(dx)

)
1

α

≥ w(y, u)

(
∫

pαX|Y,U (x|y, u)p
1−α
X (x)ρ(dx)

)
1

α

≥ w(y, u) exp

(

1

α

× log

∫

pαX|Y,U (x|y, u)p
1−α
X (x)ρ(dx)

)

≥ w(y, u) exp

(

α− 1

α
Dα(pX|Y,U‖pX)

)

. (7)

However, because Dα ≥ 0 and α−1

α
< 0, we have

w(y, u) exp

(

α− 1

α
Dα(pX|Y,U‖pX)

)

≤ w(y, u) (8)

and because of the trivial relation

EµX|Y,U
[γ(X, y, u)] ≥ w(y, u) (9)

we observe that the bound (7) has no real significance, since

regardless of the value of the Rényi divergence, it is always

more loose than the trivial lower bound w(y, u), that do not

predictably depend on the Rényi divergence. An analogous

problem happens for α > 1.

So, it becomes evident that the described bounds do not

give any performance guarantees with respect to using α-

divergences as replacement for task-driven sensor manage-

ment criterions, and thus we cannot consider these bounds

as a theoretical justification.



5. CONCLUSIONS

In this paper we reviewed existing studies on theoretical jus-

tification of the Rényi divergence as sensor management cri-

terion, and presented a refutal to the “near-universal” proxy

argument. This implies that, to the best of our knowledge,

there is no such strong relationship between task-driven and

information-driven sensor management. Therefore, although

the use of information-theoretic divergences in sensor man-

agement seem to have been validated by various empirical

studies, from a theoretical point of view it is still not com-

pletely clear how these criteria would lead to generation of

good quality estimates.

We should make clear that the purpose of our work is not

to disqualify the use of information-driven sensor manage-

ment, neither to neglect the advances made in the field by

previous authors. On the contrary, we recognize that all previ-

ous results, both theoretical and empirical, have greatly con-

tributed to a better comprehension of information-theoretic

measures and their relationship with the estimation and sen-

sor management problems. Consequently, we could say that

the purpose of this work was mostly to motivate the commu-

nity by pointing out that there is still work to be done.
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Hero, D. Castañón, D. Cochran, and K. Kastella, Eds.

Springer, 2007, ch. 3, pp. 33–57.

[10] T. van Erven and P. Harremoës, “Rényi divergence and
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