
Chapter 1
Monte Carlo-Based Bayesian Group Object
Tracking and Causal Reasoning

Avishy Y. Carmi, Lyudmila Mihaylova, Amadou Gning, Pini Gurfil and Simon J.
Godsill

Abstract – We present algorithms for tracking and reasoning of local traits in
the subsystem level based on the observed emergent behavior of multiple coordi-
nated groups in potentially cluttered environments. Our proposed Bayesian infer-
ence schemes, which are primarily based on (Markov chain) Monte Carlo sequential
methods, include: 1) an evolving network-based multiple object tracking algorithm
that is capable of categorizing objects into groups, 2) a multiple cluster tracking al-
gorithm for dealing with prohibitively large number of objects, and 3) a causality
inference framework for identifying dominant agents based exclusively on their ob-
served trajectories. We use these as building blocks for developing a unified tracking
and behavioral reasoning paradigm. Both synthetic and realistic examples are pro-
vided for demonstrating the derived concepts.

1.1 Overview

In recent years there has been an increasing interest in tracking a number of inter-
acting objects moving in a coordinated fashion. There are many fields in which such
situations are frequently encountered: video surveillance, feature tracking in video
sequences, biomedicine, neuroscience and meteorology, to mention only a few. Al-
though individual targets in the group can exhibit independent movement at a certain
level, overall the group will move as one whole, by synchronizing the movement of
the individual entities and avoiding collisions. In most of the multi-target tracking
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methods, as opposed to groups tracking methods, tracking of individual objects is
the common approach.

It is obvious that any inference in such environments would have to cope with an
ever growing complexity proclaimed by the spatio-temporal interrelations among
constituents in the scene. In some cases where the number of objects becomes ex-
cessively large, it might be impractical to individually track them all (e.g., tracking
features in a video sequence). An efficient approach would thereby consist of track-
ing the grouping structure formed by object concentrations rather than individual
entities.

Groups are often referred to as structured objects, a term which reflects the in-
grained interplay between their components. These endogenous forces give rise to
group hierarchies and are eminent in producing emergent phenomena. Fortunately,
these are exactly the factors essential for maintaining coordination within and be-
tween groups, a premise which to some extent allows us to treat them as unite enti-
ties at a high level tracking paradigm. Any knowledge of existence of such interre-
lations facilitates sophisticated agent-based behavioral modeling which, in practice,
comprises of a set of local interaction rules or mutually interacting processes (e.g.,
Boids system [1], causality models [2,3]) - an approach which by itself provides in-
sightful justifications of characteristic behaviors in the fundamental subsystem level
and likewise of group hierarchies and emergent social patterns (see [2, 4, 5]).

1.1.1 Reasoning Behavioral Traits

Being the underlying driving mechanism evoking emergent phenomena, hierarchies
and principle behavior patterns, the ingrained interactions between agents are pos-
sibly the most pivotal factors that should be scrutinized in high level scene under-
standing. Such interrelations can take the form of a causal chain in which agent’s
decisions and behavior are affected by its neighbours and likewise have either direct
or indirect influence on other agents. The ability to fully represent these interrela-
tions based exclusively on passive observations such as velocity and position, lays
the ground for the development of sophisticated reasoning schemes that can poten-
tially be used in applications such as activity detection, intentionality prediction,
and artificial awareness, to name only a few.

In this work we demonstrate this concept by developing a causality reasoning
framework for ranking agents with respect to their cumulative contribution in shap-
ing the collective behavior of the system. In particular, our framework is able to
distinguish leaders and followers based exclusively on their observed trajectories.
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1.1.2 Novelties and Contributions

The objective of this work is three fold. In the first few sections (1.2 – 1.3), efficient
Bayesian methods are proposed for tracking multiple groups of possibly large num-
ber of coordinated objects (e.g., clusters) (Section 1.4). In this respect, the derived
tracking schemes either involve a combination of sequential Monte Carlo (SMC)
and Markov chain Monte Carlo (MCMC) methods, or exclusively rely on MCMC
techniques for approximating the underlying state statistics in potentially high di-
mensional settings. In the second part of this work (Section 1.5) a novel Bayesian
causality detection method is suggested for behavioral reasoning. In particular, the
newly derived scheme is aimed at ranking agents with respect to their decision-
making capabilities (dominance) as substantiated by the observed emergent behav-
ior. Dominant agents in that sense are considered to have a prominent influence on
the collective behavior and are experimentally shown to coincide with actual leaders
in groups. Both these methodologies, namely, tracking and behavioral reasoning, are
consolidated to form a unified tracking and reasoning paradigm (Section 1.5.6). The
underlying methodologies are demonstrated throughout this work and in Section
1.6. Concluding remarks and some open issues are discussed in Section 1.7. Finally,
the algorithms for the update of evolving graphs are given in the Appendix 1.9.

1.1.3 Multiple Group Tracking

Over the past decade various methods have been developed for group tracking.
These can be divided into two broad classes, depending on the underlying com-
plexities:

1. Methods for a relatively small number of groups, with a small number of group
components [6–13].

2. Methods for groups comprised of hundreds or thousands of objects (normally
referred to as cluster/crowd tracking techniques) [14, 15].

In the second case the whole group is usually considered as an extended object (an
ellipse or a circle) whose centre position is estimated, together with the parameters
of the shape.

Different models of groups of objects have been proposed in the literature, such
as particle models for flocks of birds [16–19], and leader-follower models [20].
However, estimating the dynamic evolution of the group structure has not been
widely studied in the literature, although there are similarities with methods used
in evolving network models [21, 22].

Methods for group object tracking also vary widely: from Kalman filtering ap-
proaches, Joint Probability Data Association (JPDA) [23,24] to Probability Hypoth-
esis Density (PHD) filtering [25–27], and others [11, 12, 28–30]. The influence of
the ‘negative’ information on group object tracking is considered in [31] and ground
moving target indicator tracking based on particle filtering in [32]. In [10] a coor-
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dinated group tracking model is presented, comprising a continuous-time motion
of the group and a group structure transition model. A Markov chain Monte Carlo
(MCMC) particle filter algorithm is proposed to approximate the posterior proba-
bility density function (PDF) of the high dimensional state.

Typically tracking many targets (hundreds or thousands) can be solved by clus-
tering techniques or other methods where the aggregated motion is estimated, as it
is in the case of vehicular traffic flow prediction/ estimation, with fluid dynamics
type of models combined with particle filtering techniques [33, 34]. For thousands
of targets forming a group, the only practical solution currently is to consider them
as an extended target. The extended target tracking problem reduces then to joint
state and parameter estimation.

Estimation of parameters in general nonlinear non-Gaussian state-space models
is a long-standing problem. Since particle filters (PFs) are known with the challenges
they face for parameter estimation and for joint state and parameter estimation [35],
most solutions in the literature split the problems into two parts: i) state estimation,
followed by ii) parameter estimation (see e.g., [11, 36]). In [36] an extended object
tracking problem is solved when the static parameters are estimated using Monte
Carlo methods (data augmentation and particle filtering), whereas the states are es-
timated with a Mixture Kalman filter or with an interacting multiple model filter.
In [11] the group object tracking problem again is split into two parts: the extent
of the group is estimated with the approach of random matrices whereas the state
estimation is performed with Kalman filtering techniques.

A different approach for extended object tracking relies on combined set-theoretic
and stochastic fusion. Group and extended objects are characterized with multiple
measurements originated from different locations of the object surface. In [37] the
set of measurements are considered as belonging to a bounded region and a SMC
approach with a novel likelihood function is derived for general nonlinear measure-
ments. In [38], the true shape of the target object is modeled as the smallest circular
disc including the extended object which actually is the problem of tracking a circu-
lar disc with unknown radius and center in the two-dimensional space. In [38,39] the
approach of random hypersurface model is compared with the approach of random
matrices [13].

Multiple Object Tracking Via Random Finite Sets

The optimal filtering scheme involves the propagation of the joint probability den-
sity of target states conditioned on the data. Following the conventional approach,
in which all states are concatenated to form an augmented vector, leads to a prob-
lematic statistical representation owing to the fact that the objects themselves are
unlabeled and thus can switch positions within the resulting joint state vector [40].
Furthermore, objects may appear and disappear, thereby yielding inconsistencies in
the joint state dimension. These problems can be circumvented by adopting one of
the following approaches: 1) introducing some sort of labeling mechanism which
identifies existing targets within the augmented vector [41], or 2) considering the
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joint state as a random finite set. The latter approach provides an elegant and nat-
ural way to make statistical inference in multi object scenarios. Nevertheless, its
practical implementation as well as its mathematical subtleties need to be carefully
considered [42].

Random sets can be thought of as a generalization of random vectors. The el-
ements of a set may have arbitrary dimensions, and as opposed to vectors, the or-
dering of their elements is insignificant. These properties impose difficulties in con-
structing probability measures over the space of sets. This has led some researchers
to develop new concepts based on belief mass functions such as the set derivative
and set integral for embedding notions from measure theoretic probability within
random set theory (e.g., Bayes rule). As part of this, point process statistics are
commonly used for deriving probabilistic quantities [43]. The PHD filter presented
in [44] is the first attempt to implement finite set statistics concepts for multi-object
tracking. This algorithm uses a Poisson point process formulation to derive a semi
closed-form recursion for propagating the first moment of the random set’s inten-
sity (i.e., the set’s cardinality). A brief summary of the PHD algorithm can be found
in [42]. An extension of the PHD for group object tracking is provided in [45].

SMC Algorithms for Tracking in Variable State Dimensions

An extension of the PF technique to a varying number of objects is introduced
in [42], [10] and [8]. In [42, 46] a PF implementation of the PHD filter is derived.
This algorithm maintains a representation of the filtering belief mass function using
random set realizations (i.e., particles of varying dimensions). The samples are prop-
agated and updated based on a Bayesian recursion consisting of set integrals. Both
works of [10] and [8] develop a MCMC PF scheme for tracking varying numbers of
interacting objects. The MCMC approach does possess a reported advantage over
conventional PF due to its efficient sampling mechanism. Nevertheless, in its tradi-
tional non-sequential form it is inadequate for sequential estimation. The techniques
used by [10] and [8] amend the MCMC for sequential filtering (see also [47]). The
work in [8] copes with inconsistencies in state dimension by utilizing the reversible
jump MCMC method introduced in [48]. The approach proposed in [10], on the
other hand avoids the computation of the marginal filtering distribution as in [47]
and operates on a fixed dimension state space through use of indicator variables
for labeling of active object states (the two approaches being essentially equivalent,
see [49]).

1.2 Group Tracking by SMC Methods and Evolving Networks

The approach described in this section models the group of objects as a random
undirected graph in which the nodes of the graph correspond to the targets. An edge
between two nodes reflects the fact that there is a relation between these two objects.
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1.2.1 Problem Formulation

Consider the problem of tracking the motion of groups of targets. Each target i is
characterized by its state vector xt,i Targets which are close to one another tend to
form a group. The Mahalanobis distance di,k ir another metric can be chosen as a
criterion of closeness between the targets within a group. At each time instant k, the
set of objects tracked in a group g can be modeled by a Random Finite Set (RFS,
see [20]) that incorporates the state vectors of the group members,

Xg
k =

{
xg

k,1,xg
k,2, . . . ,xg

k,ng

}
(1.1)

where ng is the random size of group g. Knowing the group structure

Gk = {g1, . . . ,gnG} (1.2)

where nG is the number of groups, the joint state vector for all the targets in the nG
groups can be written in the form

Xk = {Xg1
k , . . . ,X

gnG
k }. (1.3)

At time k a measurement vector zk is received which can be described as a func-
tion of the state Xk = {Xg1

k , . . . ,X
gnG
k }. Assuming that the measurement likelihood

function p(zk|Xk) can be calculated, the purpose is to compute sequentially the state
PDF for each group of objects. The changes of the groups such as merging and
splitting are taken into account during the graph update process. Additionally, the
groups’ movements are assumed independent.

Under the Markovian assumption for the state transition, the Bayesian prediction
and filtering steps can be written as follows:

p(Xk,Gk|Z1:k−1) = p(Gk|Xk,Z1:k−1)p(Xk|Z1:k−1)

=

∫
p(Gk|Xk,Gk−1)p(Xk|Xk−1,Gk−1)p(Xk−1,Gk−1|Z1:k−1)dXk−1dGk−1, (1.4)

p(Xk,Gk|Z1:k) =
p(zk|Xk,Gk)× p(Xk,Gk|Z1:k−1)

p(zk|Z1:k−1)
, (1.5)

where Z1:k is the set of measurements up to time k and zk is the current vector of
measurements.

The transition PDF p(Gk|Xk,Gk−1) of the group structure can be calculated
knowing the prediction of the target state and group structure in the previous time
instant, and using the graph evolution model from [9], which is also detailed in
the Appendix, Section 1.9.1. The transition PDF p(Xk|Xk−1,Gk−1) of the state of
all targets is calculated knowing the previous time target states and group structure
PDF p(Xk−1,Gk−1|Z1:k−1). With the assumption of independence between group
motions, the PDF p(Xk|Xk−1,Gk−1) can be decomposed in the form
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p(Xk|Xk−1,Gk−1) = ∏
gi∈Gk−1

p(Xgi
k |X

gi
k−1), (1.6)

where p(Xgi
k |X

gi
k−1) is the transition density of the set of targets from the group gi.

In order to perform the correction step, the likelihood function p(zk|Xk,Gk) of
the whole state vector has to be evaluated by means of a data association approach.
In this paper, the JPDA algorithm [24] is used to resolve the measurement origin
uncertainty.

The gating process in the JPDA algorithm is enhanced by using other informa-
tion about the graph structure, such as the distance between groups. Note that the
graph G′

k estimated at each time instant is applied in the edge updating process and
in the node incorporation steps which leads to a reduction of the computation time.
At each time step, the graph G′

k can also be used in the gating process. Indeed,
groups of the same graph G′

k’s connected component can be gathered in a separate
data association process: the graph G′

k offers a straightforward method of clustering
the targets for the data association process.

Denote by {g′1, . . . ,g
′
nG′

}, the set of nG′ connected components in graph G′. Any
connected component g′i can model a set of groups that are close enough to be
treated in the same data association algorithm. Under the independence assumption
between the g′i, the following equation can be written

p(zk|Xk,Gk) = p(zk|Xk,Gk,G′
k) = ∏

i=1,...,nG′

p(zg′i
k |X

g′i
k ), (1.7)

where Xg′i
k is the set of target states belonging to the groups in g′

i. The vector zgi
k

comprises the subset of measurements related with the group in g′
i. For example, zgi

k

can be chosen by gating measurements using the set Xg′i
k of targets’ states.

In practice, two gating procedures are performed. First, using the center of the
groups and the graph G′

k, the measurements are clustered. Then the classical JPDA
is used for each cluster.

1.2.2 A Nearly Constant Velocity Model for Individual Targets

The nearly constant velocity model [50, 51] is used for the update of each node
of the graph, i.e., for modelling the motion of each target within a group. In two
dimensions, the state of the ith target is given by:

xk,i = Axk−1,i +ΓΓΓ ηk−1, (1.8)

where xk,i = (xk,i, ẋk,i,yk,i, ẏk,i)
′ is the state vector comprising the positions and

speeds in x and y directions, respectively, A = diag(A1,A1), A1 =

(
1 T
0 1

)
, ΓΓΓ =
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(
T/2 T 0 0

0 0 T/2 T

)′

, ′ denotes the transpose operation, T is the sampling interval

and ηt−1 is the system dynamics noise. In order to cover a wide range of motions,
the velocity should be approximately constant over straight line trajectories and the
velocity change should be abrupt at each turn (especially for the direction of the
velocity). The system dynamics noise ηt−1 is represented as a sum of two Gaussian
components

p(ηk−1) = αN (0,Q1)+(1−α)N (0,Q2), (1.9)

where Q1 = diag(σ 2,σ2
1 ), Q2 = diag(σ 2,σ2

2 ); σ is a standard deviation assumed
common and constant for x and y; σ1 � σ2 are standard deviations allowing to
model respectively smooth and abrupt changes in the velocity. The fixed coefficient
α has values in the interval [0,1].

In addition, to model the interactions between objects in each group, the aver-
age velocity of group objects is used in (1.8) instead of the velocity of each group
component. For each group g, in the group structure G and for each xg

k,i ∈ Xg
k ={

xg
k,1,xg

k,2, . . . ,xg
k,ng

}
we have the following equation

xg
k,i = xg

k−1,i +
ng

∑
j=1

(Bxg
k−1, j) + ΓΓΓ ηk−1, (1.10)

where B = diag(B1,B1) with B1 =

(
0 T

ng

0 0

)
. There is a resemblance between

formula (1.10) and swarm optimisation [52]. More sophisticated models can be
adopted to model targets’ interactions in each group such as the developed in [26].

1.2.3 Observation Model

Range and bearing observations from a network of low cost sensors are considered
as measurements. The measurement vector zk,i for the ith target contains the range
rk,i to each target and the bearing βk,i. The measurement equation is of the form:

zk,i = h(xk,i)+wk,i, h(xk,i) =

(√
x2

k,i + y2
k,i, tan−1 yk,i

xk,i

)
(1.11)

where the measurement noise wk,i is supposed to be Gaussian with a known covari-
ance matrix R.
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1.2.4 Particle Filtering Algorithms for Group Motion Estimation

In [9] two approaches for group tracking are proposed: with a deterministic graph
and with a random evolving graph.

One way of considering the group structure is to propagate, at each time step, a
deterministic group structure using the previous group structure Gk−1 and the cur-
rent estimate of all the target states denoted by X̂k, i.e., Gk = f (Gk−1, X̂k). This ap-
proach has a relatively low complexity, but does not provide full information about
the group structure uncertainty. This approach has been introduced in [53].

In this chapter we present an algorithm with an augmented state vector (Xg
k ,Gk),

where the respective matrices are defined in (1.1) and (1.2). Hence, particles are
defined with the augmented state (Xg

k ,Gk).
We denote by Np the number of particles and L the current index of a particle. A

Metropolis-Hastings (MH) step is added to move particles in more likely regions.
Due to the augmented state vector with the graph structure, in this approach, each
particle contains the targets’ state and the group structure. In general, the MH move
steps, such as the move step proposed in [54] are known to provide accurate filter
performance using a smaller number of particles than the number of particles in the
classical particle filter. We are, then introducing these MH move steps in order to
reduce the size of the particle cloud.

Having in mind (1.4)-(1.7), the implemented evolving group model is described
as Algorithm 1, where the samples Xgi,(L)

k are drawn from the proposal PDF

q(L)gi (X
gi,(L)
k |Xgi,(L)

0:k−1,z0:k−1) = p(Xgi,(L)
k |Xgi,(L)

k−1 ). The samples G(L)
k for the graph

structure are drawn from the PDF Q(Gk|X0:k,Gk−1) = p(Gk|Xk,Gk−1).

Algorithm 1. Particle filtering with a state augmented by the group structure
1. Prediction step
FOR L = 1, . . . ,Np

FOR all g(L)i ∈ G(L)
k−1

DRAW a sample Xgi,(L)
k from the proposal PDF q(L)gi :

Xgi,(L)
k ∼ q(L)gi (Xgi ,(L)

k |Xgi,(L)
0:k−1,z0:k−1)

END
DRAW a sample G(L)

k from a proposal PDF Q
G(L)

k ∼ Q(Gk |X
(L)
0:k ,G

(L)
k−1)

END

2. Measurement Update Step
FOR L = 1, . . . ,Np

CALCULATE the likelihood function according to (1.7) and using a JPDA algorithm [24]
END
RUN the Metropolis-Hastings algorithm with m steps (see Algorithm 2)
UPDATE and NORMALIZE the weights
CALCULATE the estimate X̂k of the current state vector Xk
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To sample from the proposal PDF qgi , a nearly constant velocity model (1.8)-
(1.9) is used for each component Xgi,(L)

k−1 of a particle X(L)
k−1 to obtain Xgi,(L)

k . To

sample a group structure G(L)
k from p(Gk|Xk,Gk−1), the previous time group struc-

ture G(L)
k−1, for each particle, is propagated by using the new evolving graph model,

Gk = f (Gk−1,Xk); for each particle graph structure, the edge updating step, the
new node incorporation step and the old node suppression step are processed. The
interactions within each group are modeled based on the mean velocity of group
components (from the constant velocity model instead of the velocity of each group
component).

To sample from the proposal PDF Q, the group structure evolution model
Gk = f (Gk−1,Xk) introduced in the Appendix, Section 1.9.1, is used. In step 2 of
Algorithm 1, the likelihood is calculated by assuming independence between clus-
ters of measurements corresponding to each group. The MH move step is described
in Algorithm 2 and is iterated m time steps (m being chosen beforehand). The MH
algorithm is introduced to sample from the joint PDF p(Xk,Gk|Xk−1,Z1:k). In step
2 the likelihood and the weight update is performed, similarly to Algorithm 1, using
the JPDA algorithm. Finally, in step 3, for each target we estimate the corresponding
efficient components in the particles X(L)

k .

Algorithm 2. Metropolis-Hastings step with the group structure
FOR L = 1 . . .Np

FOR all g(L)i ∈ G(L)
k−1

DRAW a new sample Xgi(prop)
k using the proposal PDF q(L)gi (see Algorithm 1):

Xgi(prop)
k ∼ q(L)gi (Xgi,(L)

k |Xgi,(L)
0:k−1,z0:k−1)

END
DRAW a new sample Gprop

k using a the proposal PDF Q (see Algorithm 1):
Gprop

k ∼ Q(Gk |X
(prop)
k ,G(L)

k−1)

CALCULATE the likelihood for X(prop)
k

CALCULATE the acceptance ratio

ρ = min(1, p(zk |X
(prop)
k )

p(zk |X
(L)
k )

)

UPDATE (X(L)
k ,G(L)

k ) and its likelihood
END

JPDA Combined with the Estimated Group Structure

In step 2 of Algorithm 1, the data association problem is resolved by the JPDA al-
gorithm [24]. The graph structure is used in the first step of the JPDA algorithm.
Information contained in the graph structure is used to cluster the data association
problem into distinct subproblems (Eq. (1.7)). This clustering stage helps reduc-
ing the computational time during the gating process. This gating process, in turn,
is important for reducing the number of data associations hypotheses. Once, the



1 Monte Carlo-Based Bayesian Group Object Tracking and Causal Reasoning 11

hypotheses are listed, the classical JPDA likelihood calculation is performed (see
e.g., [30], p. 263-268). The weight update is then performed by multiplying the
likelihood with the previous time weights (Eq. (1.5)).

This approach has been extensively validated and simulation results comparing it
with a deterministic graph are presented in [9]. The validation over real GMTI radar
data shown in Figure 1.1 provided to us by QinetiQ, UK. Two groups of targets
are moving on the ground by crossing their paths which constitutes an additional
ambiguity for the group tracking algorithm. The GMTI measurements are obtained
by an embedded radar on a moving airborn platform. There is a measurement origin
uncertainty which requires the solution of the data association problem. As seen
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Fig. 1.1. Measured bearing and measured range for two groups.

from Figure 1.1, there is clutter noise in the measured bearing angles and measured
distances to the targets.

The developed approach provides good estimation accuracy of each vehicle tra-
jectory positions. Figure 1.2 shows additionally that the estimated x coordinates of
the groups are close to x coordinates calculated from the measurements. The pro-
posed algorithm is able to cope with the crossed trajectories of the groups.

Figure 1.3 presents the group structures estimated by the particle filter. In the
real scenario vehicles 1 and 2 are forming group 1 and vehicles 3 and 4 are forming
the second group. To plot Figure 1.3, only four relevant group structures appearing
during the estimation process are labeled from 1 to 4, respectively

G1 : {g1 = (1,2),g2 = (3,4)}, (1.12)
G2 : {g1 = (1),g2 = (2),g3 = (3,4)}, (1.13)
G3 : {g1 = (1,2),g2 = (3),g3 = (4)}, (1.14)
G4 : {g1 = (1),g2 = (2),g3 = (3),g4 = (4)} (1.15)

and a probability is calculated for each group at each time step. From Figure 1.3
one can conclude that the group structure is well estimated by the introduced graph
evolution model. In addition, we can deduce precious information about the group
structure uncertainty during the time evolution.
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Fig. 1.2. The estimated X coordinates for the 2 groups are shown along with the
X coordinates calculated from the measurements (converted from range and
bearing).
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Fig. 1.3. Group structure evolution estimated by the PF. The 4 more relevant
group structures are labeled from 1 to 4 (see (1.12)-(1.15)) with a probability
calculated for each group at each time step.

1.3 The Cluster Tracking Problem

Assume that at time k there are lk clusters, or objects at unknown locations. Each
cluster may produce more than one observation yielding the measurement set real-
ization zk = {yyyk(i)}

mk
i=1, where typically mk >> lk. At this point we assume that the

observation concentrations (clusters) can be adequately represented by a parametric
statistical model.

Letting Z1:k = {Z1, . . . ,Zk} and z1:k = {z1, . . . ,zk} be the measurement history
up to time k and its realization, respectively, the cluster tracking problem may be
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defined as follows. We are concerned with estimating the posterior distribution of
the random set of unknown parameters, i.e. p(θk | z1:k), from which point estimates
for θk and posterior confidence intervals can be extracted.

For reasons of convenience we consider an equivalent formulation of the pos-
terior that is based on existence variables. Thus, following the approach adopted
in [10] the random set θk is replaced by a fixed dimension vector, θθθ k, coupled to
a vector of indicator variables eeek = [e1

k , . . . ,e
n
k ]

T showing the activity status of el-
ements (i.e., e j

k = 1, j ∈ [1,n] indicates the existence of the jth element where n
stands for the total number of elements).

1.4 Bayesian Formulation

Following the Bayesian filtering approach while assuming that the observations
are conditionally independent given (θθθ k,eeek) the density p(θθθ k,eeek | z1:k) is ob-
tained recursively using the conventional Bayesian recursion [56]. Thus, the fil-
tering PDF is completely specified given some prior p(θθθ 0,eee0), a transition kernel
p(θθθ k,eeek | θθθ k−1,eeek−1) and a likelihood PDF p(zk | θθθ k,eeek,mk). These are derived next
for the cluster tracking problem.

1.4.1 Likelihood Derivation

Recalling that a single observation yyyk(i) is conditionally independent given (θθθ k,eeek)
yields

p(zk | θθθ k,eeek,mk) ∝
mk

∏
i=1

p(yyyk(i) | θθθ k,eeek) (1.16)

In the above equation the PDF p(yyyk(i) | θθθ k,eeek) describes the statistical relation be-
tween a single observation and the cluster parameters. An explicit expression of
(1.16) is derived in [56] assuming a spatial Poisson distribution for the expected
number of observations. In this work we restrict ourselves to clusters in which the
shape can be modeled via a Gaussian PDF. Following this only the first two mo-
ments, namely the mean and covariance, need to be specified for each cluster (under
these restrictions, the cluster tracking problem is equivalent to that of tracking an
evolving Gaussian mixture model with a variable number of components). Note
however, that our approach does not rely on the Gaussian assumption and other
parameterized density functions could equally be adopted in our framework. Thus,
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θθθ j
k =




µµµ j
k

µ̇µµ j
k

ΣΣΣ j
k

w j
k

BBB j
k



, θθθ k =

[
(θθθ 1

k)
T , . . . ,(θθθ n

k)
T
]T

(1.17)

where µµµ j
k, µ̇µµ j

k, ΣΣΣ j
k and w j

k denote the jth cluster’s mean, velocity, covariance ma-
trix entries and associated unnormalised mixture weight at time k, respectively. The
additional vector BBB j

k consists of any other motion parameters that might affect the
cluster’s behavior. In this work we have set BBB j

k = ρ j
k the local turning radius of the

jth cluster’s mean at time k.
Following the argument in [56] while recalling that the clusters are modeled via

Gaussian PDFs, the likelihood (1.16) further assumes the following form

p(zk | θθθ k,eeek,mk) ∝
mk

∏
i=1

[
n

∑
j=0

e j
kw̃ j

kN

(
yk(i) | µµµ j

k,ΣΣΣ
j
k

)]
(1.18)

where w̃ j
k = w j

k/(∑
n
l=0 el

kwl
k) is the jth normalised weight. The formulation (1.18)

explicitly accounts for the clutter group (otherwise known as the bulk or null
group [56]) for which the shape parameters are w0

k ,µµµ
0
k ,ΣΣΣ

0
k and e0

k = 1. An equivalent
formulation of (1.18) designates the clutter probability as ν0 := w̃0

kN
(
yyyk(i) | µµµ0

k ,ΣΣΣ
0
k
)
,

yielding

p(zk | θθθ k,eeek,mk) ∝
mk

∏
i=1

[
ν0 +

n

∑
j=1

e j
kw̃ j

kN

(
yyyk(i) | µµµ j

k,ΣΣΣ
j
k

)]
(1.19)

1.4.2 Modeling Cluster Evolution

The cluster formation may exhibit a highly complex behavior resulting, amongst
other things, from group interactions. This in turn may bring about shape defor-
mations and may also affect the number of clusters involved in the formation (i.e.,
splitting and merging of clusters). At this stage, in order to maintain a generic mod-
elling approach, the filtering algorithm assumes no such interactions which thereby
yields the following independent cluster evolution model

p(θθθ k,eeek | θθθ k−1,eeek−1) =
n

∏
j=1

p(µµµ j
k | µµµ j

k−1, µ̇µµ
j
k)p(µ̇µµ j

k | µ̇µµ j
k−1,ρ

j
k )p(ΣΣΣ j

k | ΣΣΣ j
k−1)

×
n

∏
j=1

p(w j
k | w j

k−1)p(e j
k | e j

k−1)p(ρ j
k | ρ j

k−1) (1.20)
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The time propagation models underlying the unique decomposition (1.20) are de-
scribed next.

Time Propagation Models

Both the mean position and velocity µµµ j
k and µ̇µµ j

k are modeled assuming a 2-dimensional
nonuniform circular motion. The kinematics of this type of motion which is well es-
tablished in classical mechanics can be described in the random setting by means of
a stochastic differential equation (SDE).

Let uuut(s) and uuun(s) be the tangential and normal unit vectors along the cluster’s
mean trajectory s, that is, uuut is in the direction of µ̇ whereas uuun is in the perpendicular
direction along s. Because s is a parametric curve in t, similarly, one can express both
uuut and uuun as functions of t. For the sake of notational simplicity we shall designate
uuut(s(t)) and uuun(s(t)) by uuut(t) and uuun(t), respectively. Following this it can be easily
shown that the jth cluster’s mean velocity and position along s can be described via
the following set of SDE’s

[
dµ̇µµ j(t)
dµµµ j(t)

]
=


a j(t)uuut(t)+

‖µ̇µµ j(t)‖2
2

ρ j
k

uuun(t)

µ̇µµ j(t)


dt +

[
σ1
σ2

]
dW (t) (1.21)

where a j(t) and ρ j
k denote the magnitude of the tangential acceleration and the turn-

ing radius, respectively. The SDE’s (1.21) are driven by a Wiener process W (t) with
diffusion coefficients σ1, σ2. A rather simplified and explicit variant of (1.21) can
be obtained by assuming that the unspecified quantity a j(t)uuut(t) can be compen-
sated by a proper tuning of the diffusion coefficient σ1. Further recognizing that
uuun(t) = [−µ̇ j

2(t), µ̇
j

1(t)]
T / ‖ µ̇µµ j(t) ‖2 where µ̇ i

l (t) denotes the lth element of µ̇µµ j(t)
(i.e., µ̇µµ j(t) = [µ̇ j

1(t), µ̇
j

2(t)]
T ), the first equation in (1.21) can be rewritten as

dµ̇µµ j(t) =
‖ µ̇µµ j(t) ‖2

ρ j
k

[
−µ̇ j

2(t)
µ̇ j

1(t)

]
+σ1dW (t) (1.22)

In practice, the models (1.21) are numerically integrated over the time interval
[tk−1, tk) with the initial conditions

µ̇µµ j(tk−1) = µ̇µµ j
k−1, µµµ j(tk−1) = µµµ j

k−1 (1.23)

for simulating random samples from the transition kernels p(µ̇µµ j
k | µ̇µµ j

k−1,ρ
j

k ) and
p(µµµ j

k | µµµ j
k−1, µ̇µµ

j
k) in (1.20).
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Covariance and Mixture Weights Propagation

Both the covariance matrices ΣΣΣ j
k ∈ R

2×2 and the mixture weights w j
k ∈ R satisfy

certain constraints that render their sampling procedure somewhat distinct compared
to the previous motion parameters (see also [57]). Thus, any sampling scheme must
maintain these parameters either positive or positive definite in the matrix case.

A natural approach for producing valid covariance samples assumes p(ΣΣΣ j
k |

ΣΣΣ j
k−1) obeys a Wishart distribution. New conditionally independent samples of ΣΣΣ j

k
can then be drawn using

ΣΣΣ j
k ∼ W

(
· |

1
n1

ΣΣΣ j
k−1,n1,n2

)
(1.24)

where W (· |V,n1,n2) denotes the Wishart distribution with a scaling matrix V and
parameters n1 and n2. Notice that following this approach the mean of the newly
sampled matrices is exactly ΣΣΣ j

k−1.
The mixture weights are sampled in an analogous manner in which the Wishart

distribution is replaced by a Gamma distribution. Thus, similarly to (1.24) we have

w j
k ∼ Γ

(
· |

1
2

w j
k−1,2

)
(1.25)

where Γ (· | a,n1) denotes the Gamma distribution with shaping and scaling param-
eters a and n1. Note that (1.25) implies that the normalised weights w̃ j

k, j ∈ [1,n]
obey a Dirichlet distribution (see also [57]).

Turning Radius Propagation

The cluster turning radius is assumed to change its direction according to a Markov
chain. Let ν be the probability of keeping the current direction, then

p(ρ j
k | ρ j

k−1) =

{
ν , if ρ j

k = ρ j
k−1

1−ν , if ρ j
k =−ρ j

k−1
(1.26)

Note that (1.26) does not necessarily imply that ρ j
k assumes only two distinct values.

In fact, the magnitude of ρ j
k remains fixed over the entire time interval, i.e., |ρ j

k |=

|ρ j
0 |, ∀k> 0, whereas its initial value is drawn from p(ρ j

0). As a side remark, we note
that other propagation models may be adopted for ρ j

k depending on the scenario.

Birth and Death Moves

The existence indicators, denoted here by e j
k, j = 1, . . . ,n, are assumed to evolve

according to a Markov chain. Denote γl the probability of staying in state l ∈ {0,1},
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then

p(e j
k | e j

k−1 = l) =
{

γl , if e j
k = l

1− γl, otherwise
(1.27)

1.4.3 MCMC Particle Algorithm for Cluster Tracking

In practice the filtering PDF p(θθθ k,ek | z1:k) cannot be obtained analytically and
approximations should be made instead. In this section we introduce a sequential
MCMC particle filtering algorithm for approximating p(θθθ k,eeek | z1:k). The MCMC
particle filter is derived consisting of a secondary Gibbs refinement stage that is
aimed at increasing the efficiency of the overall sampling procedure.

The following sequential scheme is partially based on the inference algorithm
presented in [10] (see also [47]). Suppose that at time k − 1 there are N sam-
ples {θθθ (i)

k−1,eee
(i)
k−1}

N
i=1 drawn approximately from the filtering density p(θθθ k−1,eeek−1 |

z1:k−1) (i.e., the previous time target distribution). A new set of samples {θθθ (i)
k ,eee(i)k }N

i=1
representing p(θθθ k,eeek | z1:k) can be then simulated using the following Metropolis
Hastings scheme.

Metropolis Hastings Step

The MH algorithm generates samples from an aperiodic and irreducible Markov
chain with a predetermined (possibly unnormalised) stationary distribution. This is
a constructive method which specifies the Markov transition kernel by means of
acceptance probabilities based on the preceding time outcome. As part of this, a
proposal density is used for drawing new samples. In our case, setting the stationary
density as the joint filtering PDF p(θθθ k,eeek,θθθ k−1,eeek−1 | z1:k) (of which the marginal
is the desired filtering PDF), a new set of samples from this distribution can be
obtained after the MH burn-in period. This procedure is described next.

First, we simulate a sample from the joint propagated PDF p(θθθ k,eeek,θθθ k−1,eeek−1 |
z1:k−1) by drawing

(θθθ ′
k,eee

′
k)∼ p(θθθ k,eeek | θθθ ′

k−1,eee
′
k−1) (1.28)

where (θθθ ′
k−1,eee

′
k−1) is uniformly drawn from the empirical approximation of the

preceding time step filtering PDF, given by

p̂(θθθ k−1,eeek−1 | z1:k−1) = N−1
N

∑
i=1

δ (θθθ (i)
k−1 −θθθ k−1)δ (eee

(i)
k−1 − eeek−1) (1.29)

where δ (·) denotes the Dirac delta measure. This sample is then accepted or rejected
using the following Metropolis rule.

Let (θθθ (i)
k ,eee(i)k ,θθθ (i)

k−1,eee
(i)
k−1) be a sample from the realized chain of which the sta-

tionary distribution is the joint filtering PDF. Then the MH algorithm accepts the
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new candidate (θθθ ′
k,eee

′
k,θθθ

′
k−1,eee

′
k−1) as the next realization from the chain with prob-

ability

α = min

{
1,

p(zk | θθθ ′
k,eee

′
k,mk)

p(zk | θθθ (i)
k ,eee(i)k ,mk)

}
(1.30)

That is,

(θθθ (i+1)
k ,eee(i+1)

k ,θθθ (i+1)
k−1 ,eee(i+1)

k−1 ) =

{
(θθθ ′

k,eee
′
k,θθθ

′
k−1,eee

′
k−1), If u ≤ α

(θθθ (i)
k ,eee(i)k ,θθθ (i)

k−1,eee
(i)
k−1), otherwise

(1.31)

where the uniform random variable u∼U [0,1]. The converged output of this scheme
simulates the joint density p(θθθ k,eeek,θθθ k−1,eeek−1 ||| z1:k) of which the marginal is the
desired filtering PDF.

It has already been noted that the above sampling scheme may be inefficient in
exploring the sample space as the underlying proposal density of a well behaved
system (i.e., of which the process noise is of low intensity) introduces relatively
small moves. This drawback is alleviated here by using a secondary Gibbs refine-
ment stage.

Gibbs Refinement

In this work the accepted cluster means undergo a refinement procedure for improv-
ing the algorithm’s sampling efficiency. For each sample θθθ (i)

k we perform a series of
successive MH steps with target distributions

p̂(µµµ j,(i)
k | θθθ/ j,(i)

k ,eee(i)k ,z1:k) (1.32)

for all { j | e j,(i)
k = 1, j = 1, . . . ,n} where the superscript j,(i) denotes the jth com-

ponent of the ith particle, and θθθ/ j,(i)
k := {θθθ l,(i)

k }n
l=1/{µµµ j,(i)

k }. Here p̂(·) denotes the
empirical approximation of the underlying PDF (i.e., based on its particle represen-
tation). The refined joint sample θθθ (i)

k is then taken as the output of a Gibbs routine.
In practice sampling from the conditionals in (1.32) is carried out based on the

following factorization of p̂(µµµ j
k | θθθ / j

k ,eeek,z1:k)

p̂(µµµ j
k | θθθ/ j

k ,eeek,z1:k) ∝ p(zk | µµµ j
k,θθθ

/ j
k ,eeek,mk)p̂(µµµ j

k | θθθ / j
k ,eeek,z1:k−1)

= p(zk | µµµ j
k,θθθ

/ j
k ,eeek,mk)

p̂(µµµ j
k,θθθ

/ j
k ,eeek | z1:k−1)

∫
p̂(µµµ j

k,θθθ
/ j
k ,eeek | z1:k−1)dµµµ j

k

∝ p(zk | µµµ j
k,θθθ

/ j
k ,eeek,mk)p̂(µµµ j

k,θ
/ j
k ,eeek | z1:k−1) (1.33)

Equation (1.33) facilitates the application of a secondary MH sampling for drawing
samples from (1.32). The overall refinement procedure is based on a Metropolis-
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within-Gibbs scheme for which the acceptance probability of a new candidate µ̄µµ j
k

conditioned on the previously accepted one µµµ j
k, is given by

ᾱ = min
{

1,
p(zk | µ̄µµ j

k,θθθ
/ j
k ,eeek,mk)

p(zk | µµµ j
k,θθθ

/ j
k ,eeek,mk)

p̂(µ̄µµ j
k,θθθ

/ j
k ,eeek | z1:k−1)q(µµµ

j
k)

p̂(µµµ j
k,θθθ

/ j
k ,eeek | z1:k−1)q(µ̄µµ

j
k)

}
(1.34)

Notice that the likelihood term in (1.34) is identical to p(zk | θθθ k,eeek,mk) of which an
explicit expression is given in (1.18).

The instrumental density q(µµµ j
k) greatly affects the efficiency of the refinement

stage. In this work we have used the observation set zk = {yyyk(i)}
mk
i=1 to construct a

smart proposal density. The underlying idea here is rather simple and is based on
the fact that the observations themselves are typically concentrated in the vicinity of
the unknown clusters’ means. Following this our proposal density is composed as a
regularized PDF

q(µµµ j
k) ∝

mk

∑
i=1

N (µµµ j
k | yyyk(i),RRR) (1.35)

for which RRR is the regularization intensity covariance.
An alternative rather efficient construction of the proposal density q(µµµ j

k) consists
of pruning out unlikely observations yyyk(i) that might not originate from the jth
cluster. This can be accomplished by defining a set of feasible indices in the sense

G
j :=

{
i |‖ yyyk(i)−µµµ l

k ‖2≥ d, ∀l 6= j, i = 1, . . . ,mk

}
(1.36)

where d is some threshold distance pertaining to the maximal allowable cluster size.
The summation in (1.35) is then performed over the set G j rather than over the en-
tire mk observations. We would like to point out that the primary purpose of this
approach is to facilitate generation of distinguishable cluster mean candidates (i.e.,
properly separated) which thereby reduces the chance of having multiple detections
of the same cluster. In this regard one could easily come up with other gating tech-
niques for constructing various proposals.

In practice sampling from q(µµµ j
k) is performed by simply picking an observa-

tion index i uniformly at random either from [1,mk] or G j and setting µµµ j
k ∼ N (· |

yyyk(i),RRR).

Computing Point Estimates and Posterior Moments

As distinct from random vectors, random sets cannot be averaged owing to their
property of being invariant to element permutations. This fact in turn implies that the
conventional approach of computing the empirical moments of p(θθθ k,eeek | z1:k) based
on the MCMC output {θθθ (i)

k ,eee(i)k }N
i=1 is strictly inadequate (this is otherwise known

as the label switching problem [41]). For that reason, in what follows we propose
an approach for obtaining valid estimates using the empirical approximation.
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The proposed technique relies on reordering the elements of each and every par-
ticle (θθθ (i)

k ,eee(i)k ) with respect to some reference point estimate (θθθ re f ,eeere f ). The per-
muted particles thus obtained are regarded as vectors for which the entries at fixed
locations correspond to the same cluster. Consequently the realizations of say, the
mean of the jth cluster at time k, µµµ j

k, are given by all particles {µµµ j,(i)
k }N

i=1. This ap-
proach facilitates the application of conventional methods for computing statistical
moments (e.g., the sample mean and covariance).

The reference point which plays a vital role here might be a mode of p(θθθ k,eeek |
z1:k), or analogously when using the empirical approximation p̂(θθθ k,eeek | z1:k), some
highly probable particle from {θθθ (i)

k ,eee(i)k }N
i=1 (Note that as distinct from the impor-

tance sampling approach, which is in the heart of conventional particle filtering,
MCMC essentially facilitates straightforward computations of estimates such as the
maximum a posteriori (MAP). See [58] and Section 4 in [59]). Based on (θθθ re f ,eeere f )
we can now compose the following set of particles

S :=

{
(θθθ (i)

k ,eee(i)k ) |
n

∑
j=1

e j,(i)
k =

n

∑
j=1

e j
re f , i = 1, . . . ,N

}
(1.37)

that is, we pick all particles with the same number of active entities as in eeere f , i.e., all
elements in S have a fixed dimension ∑n

j=1 e j
re f . At this stage we define a random

permutation T (θθθ k,eeek) of the form

T (θθθ k,eeek) = vec
(

θ̂θθ j
k | ê j

k = 1
)

(1.38a)

(θ̂θθ k, êeek) = arg min
(θ̄θθk,ēeek)∈P(θθθk,eeek)

∑
{ j|e j

re f =1}

‖ θ̄θθ j
k −θθθ j

re f ‖
2
2 (1.38b)

where P(θθθ k,eeek) is a set consisting of all possible permutations of cluster elements
in θθθ k, and vec(a) denotes the column vectorized form of the set a [42]. The random
vectors {T (θθθ k,eeek) | (θθθ k,eeek) ∈ S } are of fixed dimension and as such can be used
for computing empirical estimates over S . Thus, the sample mean and covariance
over S are given by

θ̂θθ MSE
k = |S |−1 ∑

(θθθk,eeek)∈S

T (θθθ k,eeek) (1.39a)

|S |−1 ∑
(θθθ k,eeek)∈S

[
T (θθθ k,eeek)− θ̂θθ

MSE
k

][
T (θθθ k,eeek)− θ̂θθ

MSE
k

]T
(1.39b)

where |S | denotes the cardinality of S .
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MCMC Algorithm Summary

A single cycle of the basic MCMC filtering algorithm is summarized in Algorithms
3, 4 and 5.

Algorithm 3. Basic MCMC Filtering Algorithm for Cluster Tracking

Given previous time samples {θθθ (i)
k−1,eee

(i)
k−1}

N
i=1 do

FOR i = 1, . . .,N +NBurn−in
FOR j = 1, . . .,n

SIMULATE (µ̇µµ j,(i)
k−1 ,µµµ

j,(i)
k−1)−→ (µ̇µµ j,(i)

k ,µµµ j,(i)
k ) using (1.21), (1.22) and (1.23).

DRAW Σ j,(i)
k , w j,(i)

k , ρ j,(i)
k according to (1.24), (1.25) and (1.26), respectively.

END
Perform MCMC move (Algorithm 4).
DRAW e j,(i)

k , j = 1, . . . ,n for the accepted move according to (1.27).
Perform Gibbs refinement (Algorithm 5).

END

Algorithm 4. MCMC Move
CALCULATE the MH acceptance probability α of the new move using (1.30).
DRAW u ∼U [0,1]
IF u < α

ACCEPT s(i) = (θθθ (i)
k ,eee(i)k ,θθθ (i)

k−1,eee
(i)
k−1) as the next sample of the realized chain.

ELSE
RETAIN s(i) = s(i−1).

END

Algorithm 5. Particles Refinement (Metropolis within Gibbs)
FOR j = 1, . . . ,n

IF e j,(i)
k = 1

FOR l = 1, . . . ,NMH Steps
DRAW an observation ȳyy uniformly at random from either {yyyk(r)}

mk
r=1 or G

j in (1.36).
PROPOSE a move µ̄µµ j

k ∼ N (· | ȳyy,RRR).
CALCULATE the MH acceptance probability ᾱ of the new move using (1.34).
DRAW u ∼U [0,1]
IF u < ᾱ

ACCEPT the new move by setting µµµ j,(i)
k = µ̄µµ j

k .
ELSE

RETAIN previous µµµ j,(i)
k .

END
END

END
END
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1.5 Bayesian Causality Detection of Group Hierarchies

Hierarchies in Complex Systems

The field of complex systems and the study of complexity is a new interdisciplinary
field of research. Complex systems are ubiquitous, ranging from particle physics to
economies [60]. According to Bar-Yam [60], it is difficult to provide a succinct defi-
nition of complex systems. It is, however, possible to describe them. Thus, complex
systems are characterized by the following properties: they contain a large number
of mutually–interacting parts. They exhibit a purposive behavior – the dynamics of
the system have a well-defined objective or function and often there is some method
in the design of the systems, be it self-organization or careful engineering. Since
analytic treatments do not yield complete theories of complex systems, computer
simulations (cellular automata and Monte-Carlo methods) play a key role in the
understanding of how these systems work.

The dynamics of complex systems are sometimes explained by chaos theory
[60, 61]. In [61], adaptive behavior is described as a property that is self evident
from the counter actions of simple components. It is of no importance if these com-
ponents are neurons, amino-acids, ants, humans or strings of bits – adaptation can
take place only if the collective behavior of the system is qualitatively different from
the superposition of the separate components; this is exactly the definition of non-
linearity.

A well-studied example of a complex system is that of a cooperative multi-agent
system. In general, multi-agent systems are inherently interdisciplinary, so different
researchers use various terminologies. Mataric [4] uses the term multi-agent sys-
tems to describe systems of multiple robots, and the behavior that results from their
interactions is referred to as a group behavior. Reif and Wang [62] refer to a system
with multiple robots as a very large scale robotic system. Beni and Wang [63] use
the term swarm to define a multi-robot system.

In multi-agent systems, the term behavior is used to describe two different phe-
nomena: the actions and movement of one agent with respect to its environment, and
the global actions and movement of all the agents. To disambiguate the two terms,
the term agent behavior is used in reference to the individual agent behavior and the
term emergent behavior describes the behavior of the whole system of agents.

Emergent behavior is an important characteristic of a complex system. Loosely
speaking, emergent behavior means that one cannot predict the system properties
from analyzing its individual components. In this context, Gaudiano [64] states that
“traditional ‘reductionist’ approaches cannot cope with complex systems”, because
it is impossible to predict global emergent behavior from individual rules, and that
“small changes in rules lead to dramatically different emergent behaviors”. How-
ever, the “good news” according to Gaudiano is that it is possible to manipulate,
or control, the behavior of the complex system by changing the individual rules
of each component, making it possible to simulate the emergent behavior by using
bottom-up techniques.
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An important notion related to complex systems is that of hierarchy. Bar Yam
in [60] claims that a complex system is formed out of a hierarchy of independent
subsystems, but it is unclear whether bringing together complex systems to form a
larger complex system must give rise to a collective complex system. As an example,
consider the flocking of animals. Suppose we know the exact complexity of each
individual animal. Does flocking of N animals requires to know all the information
on each animal? The answer, of course, is negative, due to the fact that most of the
information is either irrelevant or redundant (many replicas of the same information
exist in the different individual animals). In conclusion, when observing migratory
flocking of animals, the interest is in a small set of informative properties: size of
the flock, density, grazing behavior activity, migration, and reproductive rates.

In general, therefore, the relationship between the complexity of the collective
system and the complexities of the subsystems is crucially dependant on the exis-
tence of coherence and correlation between the individuals; this notion is what the
current study is about.

Emergent Phenomena: The Manifestation of Causal Mechanisms

The current work essentially deals with the inverse problem in multi agent systems
theory: how can patterns, individual agents, and similarity between components be
identified? How patterns form and change in a given complex network? How can
these patterns be categorized and predicted? To answer these questions, we utilize
the notions of causality and causal interactions and treat the multi agent system as a
dynamic causal network. We show that the language of causality is extremely effi-
cient for identifying leaders and hierarchies in multi-agent systems. We illustrate the
newly-suggested formalism by showing how leaders in a dynamic multi-agent sys-
tem can be identified and how a human leader of a group of people can be detected
by observing a video sequence of the group.

1.5.1 G-Causality and Causal Networks

Let us begin our discussion with the ideas laid out by both Wiener and Granger
in [65] and [3], respectively. These works consider two time series that may or may
not influence one another. The notion conceived by Wiener is that such an influence
can be quantified upon attempting to predict one of the processes given some knowl-
edge of the other. Thus, if the inclusion of some knowledge of process X improves
the prediction accuracy of another process Y , then it is said that X has a causal
influence on Y . The latter work by Granger has provided a formal mathematical in-
terpretation of this concept by means of linear autoregressive models. Specifically, if
the variance of the autoregressive prediction error of Y is decreased by the inclusion
of some knowledge of X then it is said that X G-causes Y . In practice, the evalua-
tion of the G-causality is carried out by performing an F-test of the null hypothesis,
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stating that the coefficients of the first series completely vanish in the autoregressive
model describing the second series (which in turn implies that there is no causal
influence in a certain direction).

The notion of G-causality can be extended to the multidimensional case where
more than two time series are involved (cf. [66,67] and [68]). This approach, which
is referred to as Conditional G-causality, relies on a series of F-tests for determining
whether the causality influence is mediated through additional processes. The idea
here is quite simple, and is based on the observation that if the causal influence of
X on Y is entirely mediated by the Z variable (i. e., indirect causal influence), then
one cannot expect any improvement in predicting X | Z (X given the knowledge of
Z) by including some knowledge of Y . The two connectivity patterns in which there
are direct and indirect causal influences between X and Y are illustrated in Fig. 1.4.

X

Y

Z X

Y

Z

Fig. 1.4. Indirect (left) and direct (right) causal effects of X on Y , X → Y .
The conditional G-causality is able to distinguish between two such patterns
whereas the plain G-causality cannot disambiguate them, because in both cases
X G-causes Y .

Let us now assume that we are given a very large number of processes that in-
fluence one another. Such cases are frequently encountered in complex systems,
where many components interact at the fundamental levels for producing a certain
emergent behavior. The potential of the aforementioned approach for assessing the
local casual influences in such a system can be readily recognized. Nevertheless, its
practical implementation, which is aimed at answering a ‘yes’/’no’ type questions
(i.e., testing a null hypothesis), turns out to be somewhat tedious for this specific
purpose. The so called probabilistic approach to causality, which has reached matu-
rity over the past two decades (see for example Pearl and Verma [69], Geffner [70],
Shoam [71], and Pearl [2] for an extensive overview), establishes a much conve-
nient framework for reasoning and inference of causal relations in complex struc-
tural models.

Many notions in probabilistic causality rely extensively on structural models and
in particular on causal Bayesian networks which are normally referred to as sim-
ply causal networks (CN’s). A CN is a directed acyclic graph compatible with a
probability distribution that admits a Markovian factorization and certain structural
restrictions. The following formal definition of a CN is due to Pearl [2].

Definition 1. Let p(v) be a probability distribution on a set V of vi variables, and let
px(v) denote the distribution resulting from the intervention X = x that sets a subset
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X of variables to constants x. Denote by p∗ the set of all interventional distributions
px(v), X ∈ V , including p(v), which represents no intervention. A directed acyclic
graph G is said to be a causal Bayesian network compatible with p∗ if and only if
the following three conditions hold for every px ∈ p∗:

1. px(v) is Markovian relative to G,
2. px(vi) = 1 for all vi ∈ X whenever vi is consistent with X = x,
3. px(vi | pai) = p(vi | pai) for all vi /∈ X whenever the set of Markovian parents

pai of vi, is consistent with X = x, i.e., each p(vi | pai) remains invariant to
interventions not involving vi.

An alternative description of a CN, which will mostly occupy our attention in this
work, is provided by structural equations [2]. In this framework the causal relations
are formulated by a set of functions of the form

xi = f i(pai,ε i), (1.40)

for the Markovian parents pai of xi and some (possibly random) disturbance ε i, re-
spectively. When the functions f i(·) are linear, (1.40) reduces to the linear structural
equation model that has become a standard tool in economics and social science. In
detail,

xi = ∑
{ j|x j∈pai}

α j→ix j + ε i, (1.41)

where the coefficient α j→i represents a direct edge between x j and xi. It should be
noted that the coefficients {α j→i}i6= j which may take the role of regressors in (1.41)
are not necessarily identical to the path coefficients associated with edges in the
underlying causal diagram G. The ability to correctly identify the path coefficients,
which essentially signify the latent causal structure, requires that the underlying
variables, say x j and xi, would be d-separated by a subset of variables in Gi j, a
graph which lacks the direct edge between x j and xi but is otherwise identical to G.
The reader is referred to Pearl [2] for insightful discussions on the identifiability of
direct effects.

1.5.2 Inferring Causal Relations from Empirical Data

The problem of learning a latent causal structure based exclusively on observed data
and possibly a limited prior knowledge has received much attention in many scien-
tific fields. Over the past decade an enormous effort has been invested in coming up
with computationally tractable and flexible schemes for inferring causal relations in
a wide range of structural settings involving combinations of passive observations
and interventional models. The frameworks suggest by Pearl [2], Sprites et al. [72]
and Glymour et al. [73] (see also [74]) strongly rely on the Markovian property
of causal networks. These methods essentially assess mutual statistical dependen-
cies within the observed data and then exploit this knowledge for restraining the
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Markovian structure of the network. After enumerating all possible configurations
that satisfy the underlying constraints, the one that is most consistent with the data is
then chosen as the correct one. The primary limitation of these techniques is rooted
in their inadequate, albeit efficient, manner of determining the underlying structural
constraints which is based on assessing no more than two variables at a time.

Prevalent approaches for learning latent causal relations exploit direct Bayesian
computations in which candidate structures are assigned likelihoods and priors re-
flecting the confidence in their propriety as generating mechanisms of the observed
data. Notable works that devise such schemes are [75–78] and [79]. Another class
of algorithms make use of active learning techniques for combining intervention
selection and causal structure identification [80, 81]. The primary idea underlying
both these methods is to reformulate the intervention selection procedure as an in-
formation maximization problem. Hence, a specific intervention is chosen such that
its effect is the most informative with respect to the latent causal structure.

Recently there has been an increased interest in information theoretic approaches
to causality detection. The notions that are primarily used in this respect are these
of conditional mutual information [82] and transfer entropy [83]. Whereas the for-
mer information metric is adequate for stationary signals, the latter is appropriate
for quantifying causal relations among time series. In practice, the transfer entropy,
which is normally expressed as the Kullback-Leibler divergence between transi-
tion densities, is approximated assuming the underlying processes are ergodic [83].
Other measures of causality for time series, which have a close relation to transfer
entropy, are provided in Section 10.2.4 in [84].

The inference method derived in the ensuing is capable of quantifying causal in-
terrelations in multi-channel time series data. As distinct from the previously men-
tioned approaches which rely on various (information) metrics for assessing and
restraining direct links in the latent causal structure, our approach relaxes this com-
putationally expensive task via using a juxtaposition of structural equation model-
ing and autoregressive processes. This in turn, renders our method viable in systems
with prohibitively large number of components. It should be noted, however, that
the recovered structure is prone to violate the assumptions underlying a CN.

Causal Hierarchies

In this work the term causal hierarchies refers to ranking of agents with respect to
their cumulative effect on the actions of the remaining constituents in the system.
The word “causal” here reflects the fact that our measure of distinction embodies the
intensity of the causal relations between the agent under inspection and its counter-
parts. Adopting the information-theoretic standpoint, in which the links of a CN
are regarded as information channels [82], one could readily deduce that the total
effect of an agent is directly related to the local information flow entailed by its
corresponding in and out degrees. To be more precise, the total effect of an agent
is computed by summing up its associated path coefficients (obtained by any of
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the previously mentioned causality detection methods) of either inward or outward
links. This concept is further illustrated in Fig. 1.5.
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Fig. 1.5. From left to right: depiction of the causal hierarchies (based on out de-
grees) (X ,Y,Z), (Y,X ,Z), and (Z,Y,X). The most influential agents in the causal
diagrams from left to right are X , Y and Z, respectively.

Inferring Causal Hierarchies by Other Methods

To some extent, causal hierarchies can be inferred using the class of principle com-
ponent analysis (PCA)-based methods. Probably the most promising one in the
context of our problem is the multi-channel singular spectrum analysis (M-SSA),
which is otherwise known as extended empirical orthogonal function (EEOF) anal-
ysis [85]. The novel approach we suggest has some relations with M-SSA. The
relevant details, however, are beyond the scope of this work. A performance evalu-
ation of both our method and M-SSA is provided in the numerical study section in
the ensuing.

1.5.3 Structural Dynamic Modeling

One cannot ignore the similarity shared by the structural linear model (1.41) and
the autoregressive processes underlying G-causality. A unification of these two ap-
proaches results in a linear dynamical formulation of a CN

xi
k = ∑

j 6=i

p

∑
m=1

α j→i(m)x j
k−m + ε i

k, i = 1, ..,n (1.42)

where {xi
k}

∞
k=0 and {ε i

k}
∞
k=0 denote the ith random process and a corresponding

white noise driving sequence, respectively. The coefficients {α j→i(m)}p
m=1 quan-

tify the causal influence of the jth process on the ith process. Notice that the Marko-
vian model (1.42) has a finite-time horizon of the order p (also referred to as the
wake parameter). In the standard multivariate formulation, the coefficients α j→i(m)
are square matrices of an appropriate dimension. For maintaining a reasonable level
of coherency we assume that these coefficients are scalars irrespectively of the di-
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mension of xi
k. Nevertheless, our arguments throughout this Section can be readily

extended to the standard multivariate case. Notice that as distinct from the conven-
tional Granger models, the CN formulation (1.42) lacks the first few terms corre-
sponding to the process xi

k itself.
The methodology underlying Granger causality considers an F-test of the null

hypothesis α j→i(m) = 0, m = 1, . . . , p for determining whether the jth process G-
causes the ith process. The key idea here follows the simple intuitive wisdom that
the more significant these coefficients the more likely they are to reflect a causal
influence. In the framework of CNs the causal coefficients are related to the con-
ditional dependencies within the probabilistic network, which in turn implies that
their values can be learned based on the realizations of the time series {xi

k}
∞
k=0,

i = 1, . . . ,n. In what follows, we demonstrate how the knowledge of these coeffi-
cients allows us to infer the fundamental role of individual agents within the system.
Before proceeding, however, we shall define the following key quantity.

Definition 2 (Causation Matrix). The causal influence of the process x j on the
process xi can be quantified by

Ai j = ∑
m

[
α j→i(m)

]2
≥ 0. (1.43)

In the above definition, Ai j denotes the coefficient relating the two processes x j

and xi so as to suggest an overall matrix structure that would provide a comprehen-
sive picture of the causal influences among the underlying processes. The matrix
A = [Ai j] ∈ R

n×n, termed the causation matrix, essentially quantifies the intensity
of all possible causal influences within the system (note that according to the def-
inition of a CN, the diagonal entries in A vanish). It can be easily recognized that
a single row in this matrix exclusively represents the causal interactions affecting
each individual process. Similarly, a specific column in A is comprised of the causal
influences of a single corresponding process on the entire system. This premise mo-
tivates us to introduce the notion of total causal influence.

Definition 3 (Total Causal Influence Measure). The total causal influence (TCI)
Tj of the process x j

k is obtained as the l1-norm of the jth column in the causation
matrix A, that is

Tj =
n

∑
i=1

Ai j. (1.44)

Having formulated the above concepts we are now ready to elucidate the primary
contributions of this work, both of which rely on the TCI measure defined above.

1.5.4 Dominance and Similarity

A rather intuitive, but nonetheless striking, observation about the TCI is that it essen-
tially reflects the dominance of each individual process in producing the underlying



1 Monte Carlo-Based Bayesian Group Object Tracking and Causal Reasoning 29

emergent behavior. This allows us to dissolve any complex act into its prominent
behavioral building blocks (processes) using a hierarchical ordering of the form

Least dominant Tj1 ≤ Tj2 ≤ . . .≤ Tjn Most dominant (1.45)

Equation (1.45) is given an interesting interpretation in the application part of this
work, where the underlying processes {x j

k}
n
j=1 correspond to the motion of indi-

vidual agents within a group. In the context of this example, the dominance of an
agent is directly related to its leadership capabilities. By using the TCI measure it is
therefore possible to distinguish between leaders and followers.

Another interesting implication of the TCI is exemplified in the following ar-
gument. Consider the two extreme processes in (1.45), one of which is the most
dominant, x jn

k , while the other is the least dominant, x j1
k . Now, suppose we are given

a new process xi
k, i 6= j1, jn and are asked to assess its dominance based exclusively

on the two extremals, with respect to the entire system. Then, a common intuition
would suggest to categorize xi

k as a dominant process in the system whenever it re-
sembles x jn

k more than x j1
k in the sense of |Tjn −Ti|< |Tj1 −Ti| and vice versa. This

idea is summarized below.

Definition 4 (Causal Similarity). A process x j
k is said to resemble xi

k more than xl
k

if and only if |Tj −Ti|< |Tj −Tl|.

In the context of the previously–mentioned example, we expect that dominant agents
with high leadership capabilities would possess similar TCIs that would distinguish
them from the remaining agents, the followers.

1.5.5 Bayesian Estimation of α j→i

In typical applications the coefficients α j→i(m), m = 1, . . . , p in (1.42) may be un-
known. Providing that the realizations of the underlying processes are available it
is fairly simple to estimate these coefficients by treating them as regressors. Such
an approach by no means guarantees an adequate recovery of the underlying causal
structure (see the discussion about the identifiability of path coefficients following
(1.41), and a related assertion concerning non-parametric functional modeling in [2]
pp. 156 – 157, both have a clear connotation to the “fundamental problem of causal
inference” [86]). Nevertheless, it provides a computationally efficient framework for
making inference in systems with exceptionally large number of components. This
premise is evident by noting from (1.42) that while fixing i the coefficients α j→i(m),
∀ j 6= i, m = 1, . . . , p are statistically independent of α j→l(m), ∀l 6= i.

In a Bayesian framework we confine the latent causal structure by imposing a
prior on the coefficients α j→i(m). Let pi

α be some prior of {α j→i(m)}, and let also
pi

ε be some prescribed (not necessarily Gaussian) probability density of the white
noise in (1.42). Then,
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p(α j→i(m) | x1:n
0:k) ∝ pi

α

k

∏
t=p

p(xi
t | α j→i(m),x j

t−p:t−1, j 6= i)

= pi
α

k

∏
t=p

pi
ε(xi

t −∑
j 6=i

p

∑
m=1

α j→i(m)x j
t−m), i = 1, . . . ,n, (1.46)

where x1:n
0:k = {x1

0, . . . ,xn
0, . . . ,x

1
k , . . . ,x

n
k}, and x j

t−p:t−1 = {x j
t−p, . . . ,x

j
t−1}. When the

underlying densities are Gaussian, the Kalman filter provides an exact recursive
computation of (1.46). A rather viable alternative which works well in most general-
ized settings is a Metropolis-within-Gibbs sampler that operates either sequentially
or concurrently on the conditionals

p(α j→i(m) | x1:n
0:k ,α

l→i, l 6= j, i) ∝ pi
α

k

∏
t=p

p(xi
t | α l→i(m),xl

t−p:t−1, l 6= j, i) (1.47)

In either schemes the obtained estimates at time k are taken as the expected value of
the posterior (1.46).

1.5.6 A Unified Causal Reasoning and Tracking Paradigm

In many practical applications the constituent underlying traits, which are repre-
sented here by the processes {x j

k}
n
j=1, may not be perfectly known (in the context of

our work these could be the estimated object position and velocity, µ̂µµ j
k, ˆ̇µµµ j

k). Hence
instead of the actual traits one would be forced to use approximations that might
not be consistent estimates of the original quantities. As a consequence, the previ-
ously suggested structure might cease being an adequate representation of the latent
causal mechanism. A plausible approach for alleviating this problem is to introduce
a compensated causal structure that takes into account the exogenous disturbances
induced by the possibly inconsistent estimates. Such a model can be readily formu-
lated as a modified version of (1.42), that is

µ̂µµ i
k = ∑

j 6=i

p

∑
m=1

α j→i(m)µ̂µµ j
k−m + εεε i

k +ζζζ i
k, i = 1, ..,n, (1.48)

where the additional factor ζζζ i
k denotes an exogenous bias. This premise further im-

plies that one can use (1.48) to predict the effects of interventions in ζζζ i
k directly

from passive observations (which are taken as an output of a tracking algorithm,
e.g., µ̂µµ j

k or ˆ̇µµµ j
k) without adjusting for confounding factors. See [2] (p. 166) for fur-

ther elaborations on the subject.
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1.6 Numerical Study

We demonstrate the performance of our suggested reasoning methodology and some
of the previously mentioned concepts using both synthetic and realistic examples.
All the scenarios considered here involve a group of dynamic agents, some of which
are leaders that behave independently of all others. The leaders themselves may ex-
hibit a highly nonlinear and non-predictive motion pattern which in turn affects the
group’s emergent behavior. We use a standard CN (1.42) with a predetermined time
horizon p for disambiguating leaders from followers based exclusively on their in-
stantaneous TCIs. In all cases the processes xi

k, i = 1, . . . ,n are taken as either the
increment µ̇µµ i

k or position µµµ i
k of each individual agent in the group. In addition, the

unified tracking and reasoning paradigm is demonstrated by replacing the actual po-
sition and increment with the corresponding outputs of the MCMC cluster tracking
algorithm, ˆ̇µµµ i

k and µ̂µµ i
k.

The performance of the causality inference scheme, which employs a Kalman
filter for estimating α j→i, is directly related to its ability to classify leaders based
on their TCI values. As leaders are, by definition, more dominant than followers in
some measure space, essentially shaping the overall group behavior, we expect that
their TCI values (computed based on either the out degree or in degree, in which case
the transposed causation matrix, AT , is used in Definition 3) would reflect this fact.
Furthermore, the hierarchy (1.45) should allow us to disambiguate them from the
remaining agents according to the notion of causal similarity which was introduced
in Section 1.5.4. Following this argument we define a rather distinctive performance
measure which allows us to assess the aforementioned qualities.

Let G be a set containing the leaders indices, i.e.,

G = { j | x j
k is a leader’s instantaneous position or velocity}.

Let also vvv be a vector containing the agents’ ordered indices according to the instan-
taneous hierarchy at time k

Tj1 ≤ ·· · ≤ Tjn , (1.49)

i.e., vvv = [ jn, . . . , j1]T . Having stated this we can now define the following perfor-
mance index

e = arg max
i∈[1,n]

(vvvi ∈ G) . (1.50)

The above quantity indicates the worst TCI ranking of a leader. As an example,
consider a case with, say, 5 leaders. Then the best performance index we could
expect would be 5, implying that all leaders have been identified and were properly
ranked according to their TCIs. If the performance index yields a value greater than
5, say 10, it implies that all leaders are ranked among the top 10 agents according to
their TCIs. The performance index cannot go below the total number of leaders and
cannot exceed the total number of agents.
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Example: Swarming of Multiple Interacting Agents (Boids)

Our first example pertains to identification of leaders and followers in a dynamical
system of multiple interacting agents, collectively performing in a manner usually
referred to as swarming or flocking.

In the current example, Reynolds-inspired flocking [1] is used to create a com-
plex motion pattern of multiple agents. Among these agents, there are leaders,
who independently determine their own position and velocity (based on the mo-
tion model (1.21)), and followers, who interact among themselves and follow the
leader agents. Typical trajectories of the entire system along with two instantaneous
snapshots are provided in Figs 1.6 and 1.7, respectively.

The inference scheme performance over 100 Monte Carlo runs, in which the
agents initial state and velocity were randomly picked, is provided in Fig. 1.8. The
synthetic scenario considered consists of 30 agents, 4 of which are actual leaders.
The performance index cumulative distribution function (CDF) for this scenario,
which is illustrated via the 50, 70 and 90 percentile lines, is shown over the entire
time interval in the left panel in this figure. The percentiles indicate how many runs
out of 100 yielded a performance index below a certain value. Thus, 50 percent of
the runs yielded a performance index below the 50 percentile, 70 percent of the runs
attained values below the 70 percentile, and so on. Following this, it can be readily
recognized that from around k = 150 the inference scheme is able to accurately
identify the actual leaders in 50 percent of the runs. A further examination of this
figure reveals that the 4 actual leaders are ranked among the top 6 from around
k = 180 in 90 percent of the runs.

A comparison of leaders ranking capabilities of the proposed approach with that
of the M-SSA method is provided in the right panel in Fig. 1.8. Hence, the instan-
taneous CDFs of both techniques are shown when using either position or velocity
time series data. This figure clearly demonstrates the superiority of the suggested
approach with respect to the M-SSA.

Figure 1.9 illustrates the notion of causal similarity. In this scenario, the 4 actual
leaders are assigned a unique bright color value (yellow) for distinguishing them
from the remaining agents. At each time step k the agents, and therefore also their
associated colors, are ordered according to their in degree and out degree TCIs.
In this figure, the ordered color values are averaged over 100 runs, essentially un-
folding a distinctive pattern in which all the actual leaders are closely ranked over
the entire time interval. This example confirms the key idea conveyed by causal
similarity, which generally states that dominant agents are likely to resemble other
dominant agents in the sense of their TCIs.

A visualization of the instantaneous causation matrix is provided in Fig. 1.10.
The out degree and in degree TCIs are illustrated by the horizontal and vertical in-
dexed bars in this figure, respectively. Large TCI values correspond to bright colors
and vice versa. Hence it can be readily recognized that the actual leaders (indexed 1,
3, 5 and 26) are assigned the largest out degree TCIs (brightest marks in the horizon-
tal bar) and, respectively, the smallest in degree TCIs (darkest marks in the vertical
bar). This further concurs with results in Fig. 1.9.
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Fig. 1.6. Sample trajectories of the Boids system with 50 agents (thin lines) and
10 leaders (thick lines).

(a) Sample snapshot k = 0 (b) Sample snapshot k = 260

Fig. 1.7. Sample snapshots of the Boids system at various time instances.

Imperfect Observations

In the following example the actual agent tracks are replaced by the output of the
MCMC cluster tracking algorithm of Section 1.3. The scenario consists of 4 agents
out of which 2 are leaders. As before we use the Boids system for simulating the
entire system. This time, however, the produced trajectories are contaminated with
clutter and additional points representing multiple emissions from possibly the same
agent (i.e., agents are assumed to be extended objects). These observations are then
used by the MCMC tracking algorithm of which the output is fed to the causality
detection method, in a fashion similar to the one described in Section 1.5.6.

The tracking performance of the MCMC algorithm is demonstrated both in
Fig. 1.11 and in the left panel in Fig. 1.12. In Fig. 1.11, the estimated tracks and
the cluttered observations are shown for a typical run. The averaged tracking perfor-
mance of the MCMC approach is further illustrated based on 20 Monte Carlo runs
using the Hausdorff distance in Fig. 1.12. From this Figure it can be seen that the
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Fig. 1.8. Identification performance over time of the causality scheme (left) and
the ranking cdf at time t = 220 of both the causality scheme and the M-SSA
method (using either velocity or position data) based on 100 Monte Carlo runs.
Boids system with 30 agents and 4 leaders.
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Fig. 1.9. Two distinct causal rankings show how dominant agents share a sim-
ilar behavioral pattern. Boids system with 30 agents and 4 leaders. Computed
based on 100 Monte Carlo runs.

mean tracking errors become smaller than 1 after approximately 50 time steps in
either cases of cluttered and non-cluttered observations.

The averaged leaders ranking performance in this example is illustrated for 3
different scenarios in the right panel in Fig. 1.12. Hence, it can be readily rec-
ognized that the two leaders are accurately identified after approximately 10 time
steps when the agent positions are perfectly known. As expected, this performance
is deteriorated in the presence of clutter and multiple emissions, essentially attaining
an averaged ranking metric of nearly 2.5 after 60 time steps. Unexceptionally, the
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Fig. 1.10. Visualization of the causation matrix at time t = 220. The actual dom-
inant agents are indexed 1,3,5 and 26.

underlying leaders behavior validates the notion of causal similarity as illustrated
in Fig. 1.13 by averaged color maps for both cases of cluttered and non-cluttered
observations.
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Fig. 1.11. Point observations and estimated tracks. Boids system with 4 agents
and 2 leaders (extended objects).



36 Authors Suppressed Due to Excessive Length

0 20 40 60 80
10

−1

10
0

10
1

10
2

 

 

Clutter
No clutter

(a) Mean Hausdorff Distance

0 10 20 30 40 50 60
1

1.5

2

2.5

3

3.5

4

 

 

MCMC Tracking (no clutter)
Perfect knowledge
MCMC Tracking (clutter)

(b) Causality Ranking (out degree)

Fig. 1.12. Tracking performance and causality ranking averaged over 20 Monte
Carlo runs. Boids system with 4 agents and 2 leaders (extended objects).
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Fig. 1.13. Causality ranking performance over 20 Monte Carlo runs. Boids sys-
tem with 4 agents and 2 leaders (extended objects).

Example: Identifying Leaders in a Group of People from a Video Sequence

Our second, more practical example, deals with the following application. Consider
a group of people, among which there are subgroups of leaders and followers. The
followers coordinate their paths and motion with the leader. Using video observa-
tions only of the group, determine who the group leaders are. To that end, one must
first develop a procedure for estimating the trajectories of n people from a given
video sequence. The input to the described procedure is a movie with n moving
people, where n is known. The objective is to track each person along the frame
sequence, and then feed this information into the CN mechanism for inferring the
leaders and followers.
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It is assumed that all the objects do not leave the camera field of view, and that
there are no occlusions during the whole frame sequence. In addition, the movie is
assumed to be captured with a fixed camera. This problem is tackled in two steps:
calculation of stable points that represent the moving objects in each frame, and
enforcing consistency among these points along the whole frame sequence, such
that the ith stable point in all frames will belong to the same person (i = 1, . . . ,n).

The implementation of the first phase is performed as follows. Each image is
processed by the SIFT algorithm [87], providing a set of features {x,y,σ ,θ}, where
x,y are the image coordinates of the area surrounding the object, σ is the scale pa-
rameter for which an extremum in a scale-space is found, and θ is the orientation
parameter calculated based on local image properties for each feature. Although
the parameters σ ,θ are part of the feature representation, they are not used in the
procedure described herein. In addition, each feature is accompanied with a descrip-
tor vector that encodes information regarding the feature and is used to distinguish
this specific feature from other features. In a default SIFT implementation [88], this
vector contains 128 elements.

After all the images were processed by the SIFT algorithm, features that belong
to static objects in the movie are detected and removed, yielding a set of dynamic
features, i. e. features that describe the n people, since they are the only moving
objects in the scene. This was performed as follows. Recalling that the camera is
fixed throughout the frame sequence, all the static objects should have the same
image coordinates in all the images. Yet, in practice, a different set of features is
obtained for each image, although all the images capture a similar scene. In order
to obtain the set of dynamic features along the frame sequence, we first performed
matching between each pair of consecutive images, based on the descriptor vectors
attached to the SIFT features. Only matched features proceed.

Next, the difference in image coordinates, ∆ ∈R
2, was computed for each match-

ing pair of features. If (xi,yi) and (x j,y j) are the image coordinates of some match-
ing pair of features in the ith and jth images, then ∆ = (x j,y j)T −(xi,yi)T . Matching
pairs with very small ‖∆‖ were classified as static features, and therefore all match-
ing pairs with ‖∆‖ below some threshold were removed. In addition, matching pairs
of features with ‖∆‖ larger than some (other) threshold were also removed, since
these represent false matching.

The outcome of the above is a set of features in each image, that describe the
n people, and only them. Ideally, no other objects should be represented by these
features. From all these features, the objective now is to calculate a representative
point for each human. The tracking task would be then accomplished if these points
could be consistently re-arranged, such that the ith point in each image corresponds
to the same person.

Utilizing the fact that the number of people in the movie is known, a clustering
algorithm was applied from which n cluster centers were obtained. In the current
implementation, the k-means algorithm [89] was used. Since it was assumed that
throughout the whole frame sequence the objects do not leave the camera field of
view, and that there are no occlusions, the calculated n cluster centers should rep-
resent each of the n people. Thus, in each image we have n cluster centers, and the
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goal now is to find how these cluster centers are related among the images, which is
the second phase of processing.

In order to enforce the consistency of cluster centers along the image sequence,
it is sufficient to enforce consistency of cluster centers between each adjacent pair
of images. Assume that image i, denoted as Ii, was already processed, i. e. its n
cluster centers are successfully associated with the n cluster centers of the previous
image. The objective now is to associate the n cluster centers of the next image, Ii+1,
to the cluster centers of Ii. This task was accomplished by associating the cluster
center sets between the two images so that the distances between these two sets are
minimized.

This technology was applied to two different video sequences in which there
were 5 followers and 1 leader. Snapshots are shown in the upper panel in Fig. 1.14.
In these videos, the actual leader (designated by a red shirt) performs a random
trajectory, and the followers loosely follow its motion pattern. The clustering pro-
cedure described above is used to estimate the trajectories of the objects (the trajec-
tories were filtered using a simple moving-average procedure to reduce the amount
of noise contributed by the k-means clustering method). These trajectories were fed
into the causality inference scheme.

The results of this procedure are shown in Fig. 1.15, which depicts the causality
performance index for two values of the finite-time horizon (wake parameter), p.
It is clearly seen that from a certain time point the algorithm identifies the actual
leader in both videos irrespective to the value of p.

(a) Video 1 (b) Video 2

Fig. 1.14. Reconstructed instantaneous causal diagrams shown with the corre-
sponding video frames.
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Fig. 1.15. Causality ranking performance over time.

1.7 Concluding Remarks

Several novel algorithms have been derived for tracking multiple groups of a poten-
tially large number of coordinated objects in cluttered environments. The new meth-
ods either utilize sequential Monte Carlo techniques in conjunction with Markov
chain Monte Carlo moves, or rely entirely on the latter technique for approximating
the state statistics in high dimensional settings. In addition, a novel causal reasoning
framework has been proposed for ranking agents with respect to their contribution in
shaping the collective behavior of the system. This approach has been successfully
applied for identifying leaders in groups in both synthetic and realistic scenarios.

As a concluding remark, we note that the causality inference scheme derived
in this work is inadequate for tracking time-varying hierarchies, which is a highly
probable venue in many applications. As part of future work this scheme would be
made adaptive so as to accommodate this need.
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1.9 Appendix: Algorithms for the Evolving Graphs

1.9.1 Evolving Graph Models

The aim is to determine an evolution model Gk = f (Gk−1,Xk) for the group structure, for time
k > 0 and an initialisation process G0 = f (X0) for k = 0. The vector Xk = (xk,1, . . .,xk,n) comprises
the state vectors of all the targets and f denotes the desired evolution model.

The system {
t = 0, G0 = fI(X0),
t > 0, Gk = fNS ◦ fNI ◦ fEU(Gk−1,Xk),

(1.51)

shows the decomposition of the evolution model f according to the time k and according to three
distinctive steps: edge update, node incorporation and node removal where ◦ denotes the compo-
sition operation; fI is an Initialisation model that will be defined in Section 1.9.2; fEU is the graph
Edge Updating model; fNI is the graph Nodes Incorporation model that will be defined in Section
1.9.4; fNS is the graph Nodes Suppression model .

1.9.2 Graph Initialisation - Model fI

In this Section, we assume that, at time t = 0, the number of targets and their respective states are
known, given by one of the detection techniques from [24]. Let us consider N targets constituting
the set of vertices {v1, . . . ,vN}. Each vertex vi is associated with the target state x0,i at time t = 0,
as well as the target state’s corresponding variance matrix P0,i. Model 1, given below describes
the proposed edge initialisation method where E0 is the set of edges linking the set of vertices
{v1, . . .,vN}. Initially E0 is the empty set {∅}. The Mahalanobis distance di,k between vertices
vi and vk is calculated and we evaluate whether it exceeds a chosen decision threshold ε . The
edge between nodes vi and vk is denoted by (i,k). Using Model 1, the initial graph structure G0 =

Model 1. fI-The Edge Creation Process.

E0 = {∅}
FOR i = 1, . . . ,N −1

FOR k = i+1, . . .,N
CALCULATE di,k
IF di,k < ε , E0 = E0 ∪{(i,k)}
END

END
END

({v1, . . . ,vN},E0) is obtained.

1.9.3 Edge Updating - Model fEU

The evolving graph of group of targets is more dynamic than those studied in the literature [21].
Existing edges should be updated at each time instant since the graph structure is related with
the dynamic spatial configuration. In a straightforward way, Model 1 can recalculate the distance
between any pair of nodes. However, the computational complexity can be reduced when some
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information about group centres (means, covariances and the distances between them) is used. For
each group g we define its centre Og = 1

ng ∑
vkεg

xg
k and its corresponding average covariance matrix

Pg = 1
ng ∑

vkεg
Pg

k where ng is defined as the number of targets in g. The centre and covariance matrix

of each group can be characterized differently, e.g., based on a mixture of Gaussian components.
Using the Mahalanobis distance criterion, an appropriate threshold ε ′ >> ε , and based on

Model 1, a second graph G′ = ({v′1, . . . ,v
′
nG
},E ′) can be introduced with nodes v′i being charac-

terised by their position Ogi . A couple of connected nodes in the set E ′ can be interpreted as two
groups that can possibly have interactions (exchange of targets). Model 2 summarizes the edge
updating process between neighbouring groups. The graph G′ will also be used in the node incor-
poration process.

Model 2. fEU -Edges Updating Process.
FOR i = 1, . . . ,nG −1

APPLY Model 1
to the set of nodes in gi and update E
FOR k = i+1, . . .,nG

IF edge (i,k) ∈ E ′

FOR each node in group gi,
CALCULATE the distance to each node in group gk
COMPARE with ε and update E

END
END

END
i = nG APPLY Model 1
to the set of nodes in gi and update E

Model 2 can be illustrated using the example from Figure 1.16. The considered graph contains
3 groups of 12 nodes. In Figure 1.16 (a), by introducing the centre of each group, the graph G′ is
represented: it contains 3 nodes, corresponding to the centre of each group, and one edge between
g1 and g2. Figure 1.16 (b) and (c) illustrates the update of Model 2.

In each group, distances between any couple of nodes are calculated as shown in Figure 1.16
(b). Furthermore, in Figure 1.16 (c), for any couple of groups (gi, g j) connected in graph G′ (in
this example, only g1 and g2 are connected). The distances between any couple of nodes (vi, v j),
chosen respectively in groups gi and g j, are calculated. The use of Model 2, in this example, avoids
calculations of distances between nodes in g3 and nodes in g1 and g2, respectively.

1.9.4 New Node Incorporation - Model fNI

Classical approaches rely on either random or preferential approaches (the mixture of the two also
exists) in order to assign edges to the new nodes. Additionally, in classical graph techniques, the
number of new edges assigned to each new node is fixed. The approach proposed in this paper
differs from the above mentioned techniques. For the purposes of group tracking, the distance
calculated based on the interaction criterion should be used to create edges with the existing nodes
and the number of edges is then determined by the nodes’ spatial configuration. Consider a new
node (vertex) denoted as vnew and its state xnew. Depending on the state xnew and in comparison
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Fig. 1.16. Model 2: (a) use a graph structure G′ and, for the edge updating pro-
cess, (b) calculate distances between nodes in the same group and (c) calculate
distances between nodes in groups that are connected through G′.

Model 3. fNI- Incorporation of new nodes.
Consider group i = 1
NodeNearGroup = f alse
DO

CALCULATE dnew,i
IF dnew,i < ε ′′

NodeNearGroup = true
FOR each node in gi,

CALCULATE the distance between vnew and each node in gi
COMPARE with ε and update E

END
FOR k = i+1 . . .nG
IF edge (i,k) ∈ E ′

CALCULATE the distance between vnew and each node in gk
COMPARE with ε and update E

END
END
i = i+1

WHILE(i = nG +1 or NodeNearGroup = true)

with the existing nG nodes, new edges have to be created. A simple way is to evaluate the criterion
for the interaction between every pair (vnew,vi). In order to optimize the computational time, the
graph G′ defined in Section 1.9.3 can be used.

Model 3 shows the edge updating process when incorporating a new node, where dnew,i is the
Mahalanobis distance between vnew and Ogi (dnew,i = Mahalanobis-distance ((xnew ,Pnew),(

1
ngi

∑
vkεgi

xgi
k ,
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1
ngi

∑
vkεgi

Pgi
k )); the fixed threshold ε ′′ > ε introduced in order to see whether the new node vnew is

interacting with a node in a group g.
Let us illustrate Model 3 using the example from Figure 1.17. The considered graph contains

4 groups of 14 nodes. In Figure 1.17 (a), by introducing the centre of each group, the graph G′ is
represented: it contains 4 nodes, corresponding to the centre of each group, and two edges between,
respectively, g1 and g2 and g3 and g4. Distances dnew,i between the new node vnew and centres of
groups Oi are computed. The principle of Model 3 is to calculate distances dnew,i until finding one
neighbor group of node vnew according to a threshold ε ′′ or until reaching the last index i (i = nG).
Note that ε ′′ is chosen such that ε ′′ << ε ′ so that a new node close to one group g according the
threshold ε ′′ is far from any group that is not connected with g according to the threshold ε ′.
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Fig. 1.17. Model 3: (a) use graph structure G′ by calculating the distance from
the new node vnew to the centres of all groups. Once one group gi satisfies the
distance threshold, (b) calculate the distances between vnew and any node in gi
in addition to the distance between vnew and any node in a group connected to
gi through G′.

For the example presented on Figure 1.17, g1 and g2 are not neighbours of vnew according to
the distance criterion. In contrast, g3 satisfies the distance criterion. Then, the calculated distances
of Model 3, used to update graph G, are illustrated. Distances between vnew and any node in g3 are
calculated as shown in Figure 1.17 (b). Furthermore, since g4 is connected to group g3, in graph
G′, distances between vnew and any node in g4 are also calculated.

The use of Model 3, in this example, avoids the calculation of distances between vnew and nodes
in g1 and g2, respectively.
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1.9.5 Old Node Suppression - Model fNS

This is the simplest graphical evolution modeling part and consists of removing death targets by
removing corresponding nodes and their related edges. A target in the graph will be removed if the
measurements do not contain any information about it after a certain period of time.
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