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Abstract—Nonlinear target tracking is a well known problem,
and its Bayes optimal solution, based on particle filtering techniques, is nowadays applied in high performance surveillance
systems. Nonetheless, the practical application of Particle Filters
(PFs) may still be difficult, so that possibly available external
knowledge can be exploited to increase the tracking performance.
In this paper we assume such knowledge be formalized in
terms of constraints on target dynamics. Hence, a Constrained
version of the Filtering problem has to be solved. We first treat
the case of perfectly known hard constraints, and show that
exploitation of knowledge in the prediction or in the update step
of the Bayesian filtering recursion are equivalent.
We then focus on the case of soft constraints. Here, the lack of
information on when and how the target violates the constraints
makes the filtering problem much more difficult. Simulation
results show that a straightforward extension of the PseudoMeasurements approach is not sufficient. However, detecting the
violation of constraints is possible if the knowledge is processed
using an Interactive Multiple Models (IMM) scheme.

I. I NTRODUCTION
Many real life problems require the estimation of the state
of a system that changes over time using a sequence of noisy
measurements made on the system. Target tracking based on
measurements collected by a radar or a similar sensor is an
important application example.
For many years, the Kalman Filter (KF) [1] has been
considered the work horse algorithm when dealing with linear
Gaussian systems. In the last twenty years, accurate modeling
has required the inclusion of nonlinearity and non-Gaussianity
in the equations used for estimation purposes, thus making the
KF inapplicable in its basic form. Classical methods for nonlinear filtering are, e.g., the Extended Kalman Filter (EKF) [2]
and the Unscented Kalman Filter (UKF) [3]. They are based
on deterministic approximations of the a posteriori probability
density function (PDF), and are oftentimes sufficient when the
effects of nonlinearity and non-Gaussianity are mild.
Bayesian methods provide a rigorous framework for dynamic state estimation problems. The Bayesian approach is
to construct the PDF of the state based on all the available
information, and then find an approximation of such a posteriori PDF, which does not usually admit a closed form.
Particle Filter (PF) algorithms, which are Monte Carlo based
approximations of the Bayesian recursion, nowadays represent
the state of art in nonlinear filtering [4]. In fact, from the

seminal paper of Gordon [5] in 1993, PF techniques have
revolutionized the way nonlinear tracking problems are tackled. They operate by propagating particles that are distributed
according to the approximately true PDF of the state, and
practically represent an efficient numerical approximation of
the full recursive Bayesian estimation problem. In addition,
convergence to the true a posteriori distribution is guaranteed
for a sufficiently large number of particles [6].
Many sources of external information about the observed
scenario may be available to the tracking system. For instance,
the output of a classification algorithm might provide valuable information concerning the type of target observed (e.g.
friendly, hostile, etc.), its radar cross section, etc. The exploitation of a known road network has been proven effective in
tracking of ground vehicles [7]. Similarly for a maritime scenario, the knowledge on shipping lanes and sea/land distinction
can improve the tracking and detection performance [8].
This work is part of a project in which we are interested on
the improvements achievable through Bayes optimal exploitation of external knowledge [9]. In this paper we consider the
Constrained Filtering problem. We first focus on the case of
perfectly known hard constraints, and show that exploitation
of knowledge in the prediction or in the update step of the
Bayesian filtering recursion are equivalent. We then focus
on the case of soft constraints, and show through simulation results that a straightforward extension of the PseudoMeasurements technique is not sufficient. However, if the
detection of such anomalies is of interest, the problem can
be solved by using Interactive Multiple Models (IMM).
The paper is organized as follows: in section II we discuss
related works; in section III we briefly review the Bayesian Filtering problem; in section IV we consider the Constrained Filtering problem for the case of hard constraints; in section V we
review the two main techniques for constraints exploitation in
particle filtering. We then consider the case of soft constraints
in section VI, and propose a PF-based IMM approach for the
specific application of detecting the occurrence of unmodeled
behaviors. Finally, section VII collects our conclusions.
II. R ELATED W ORKS
In this section we consider related works on the exploitation
of external knowledge that may be available in the form of
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equality and/or inequality constraints. The idea of using state
constraints to improve the tracking performance dates back
to the 90s, when attempts to exploit hard linear equality constraints in Kalman Filtering led to the definition of the PseudoMeasurements approach [10]. The key idea is to interpret the
constraints as additional measurements, and is proven to be
optimal for linear systems subject to hard constraints [11].
In [12] the use of particle filtering for road-constrained
target tracking is considered. The proposed algorithm propagates the joint PDF of the target kinematic state and target
ID in a road-constrained environment. Inequality constraints
on target speed and off-road distance are treated using a minmax saturation approach, which requires a low computational
load while leading to suboptimal constraints satisfaction.
Road map assisted ground targets tracking is also considered
in [13]. Here the author proposes the use of a Gaussian
sum algorithm within a Variable Structure Multiple Models
(VSMM) scheme. As long as the predicted estimate is inside
the same road, a Kalman filter is used to perform the update
step. When the target approaches a junction, an on-road
projection is necessary, and a multiple hypotheses approach is
followed. Good results are presented, but the approach cannot
be extended to nonlinear inequality constraints.
Ground targets tracking with airborne GMTI sensor measurements is considered in [14]. A refined GMTI sensor
model with state dependent detection probability and information about the clutter notch is proposed. Both equality
and inequality constraints are used to model the known road
network. The latter are used to model non-zero width roads.
The authors investigate the performance of both Gaussian sum
and particles based approximations, in which the prediction
step is performed in road coordinates, while the update step
is carried out in the 2D Cartesian space.
Hard inequality state constraints are considered in [15]. The
paper is focused on tracking of airplanes with a known flight
envelope (i.e. minimum and maximum velocities). The authors
propose to obtain samples from a truncated distribution using a
Rejection-Sampling approach, where particles are reproposed
if they do not meet the constraints. The proposed PF algorithm
converges to the true a posteriori PDF for a sufficiently
large number of particles, but might be unfeasible due to the
computational load required.
In [16] the use of PF for littoral tracking is proposed.
The authors formulate the problem as Joint Tracking and
Classification (JTC), where a target class is assigned for each
isolated land or water region. A similar approach is followed
in [17], where the authors propose a modified version of the
JTC-PF algorithm that uses class-dependent speed likelihoods.
In [18] a VSMM-PF is used for tracking of ground targets
with GMTI sensors. The information available through a
road map is modeled using a Jump Markov system with
state dependent transition probabilities. Each road segment is
represented by two way-points determining direction, location,
and length of each road. The visibility is defined as a binary
valued probability, and an entry/exit condition is given by a
Boolean variable for a subset of the roads. The inequality

constraints on target speed are applied in prediction through
the generation of random variables from a truncated Gaussian.
III. BAYESIAN F ILTERING P ROBLEM
In this section we briefly describe the Bayesian Filtering
Problem and recall a convergence result [19] for its particle
filtering based solution. In the next section we will focus on
the exploitation of external knowledge formalized in terms of
constraints on the target dynamics.
Suppose the system is described by the following state and
measurement equations:
xk+1
zk

= fk (xk ) + wk
= hk (xk ) + vk

(1)
(2)

where xk ∈ Rnx is the system state, zk ∈ Rnz the
measurement vector, wk ∼ pwk (w) the process noise, and
vk ∼ pvk (v) the measurement noise. The Markov property
holds for the system (1)-(2), i.e.,
p(xk |xk−1 , xk−2 , . . . , x0 ) = p(xk |xk−1 )

(3)

where p(xk |xk−1 ) is known as the transition Kernel.
4 
Let Zk = z0 z1 . . . zk
be the sequence of measurements up to and including time k. Hence, the measurement
zk at time k is independent from past states, i.e.,
p(zk |zk−1 , . . . , z1 , xk , xk−1 , . . . , x0 ) = p(zk |xk )

(4)

where p(zk |xk ) is known as the likelihood function.
Given a realization of Zk , the filtering problem aims at
computing the conditional probability density p(xk |Zk ). Let
us assume that at time step k − 1 the PDF p(xk−1 |Zk−1 ) is
available, then the problem is solved using the recursion:
• Prediction Step
Z
p(xk |Zk−1 ) = p(xk |xk−1 ) p(xk−1 |Zk−1 ) dxk−1 (5)
where p(xk |Zk−1 ) is the predictive density at time k.
• Update Step
p(xk |Zk ) =

p(zk |xk ) p(xk |Zk−1 )
p(zk |Zk−1 )

(6)

where p(zk |Zk−1 ) is the Bayes normalization constant.
Various state estimators are obtained from the a posteriori
PDF p(xk |zk ), e.g. the minimum variance (MV) estimator,
i.e.,
Z
MV 4
x̂k =
xk p(xk |Zk ) dxk
(7)
Rnx

or the maximum a posteriori (MAP) estimator, i.e.,
4

AP
x̂M
=
k

arg max
p(xk |Zk )
xk ∈ Rnx

(8)

More in general, if φ(xk ) : Rnx → Rnφ is a function of the
state we want to estimate, most estimation algorithms compute
an approximation of the conditional expectation:
Z

E φ(xk )|Zk = φ(xk ) p(xk |Zk ) dxk
(9)
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The particle filter computes an approximation of (9) using the
empirical filtering density [5]:
p̂N (xk |zk ) =

N
X

wki δxik (xk )

where conditioning is performed also with respect to the
sequence C k of constrained state variables. Let us assume that
we are able to define a two step recursion such that:

(10)

k−1
p(xk−1 |Zk−1 , C k−1 ) −−
P−
rediction
, Ck)
−−−−−−→ p(xk |Z
p(xk |Zk−1 , C k )
U pdate
p(xk |Zk , C k )
−−−−−−→

i=1

where each particle xik has an importance weight wki associated to it, and δxik (·) denotes the delta-Dirac mass located
at xik . Convergence results for the mean square error in
approximating eq. (9) have been given in [19], i.e.,
Let us assume that the likelihood function p(zk |·) is bounded
in the argument xk ∈ Rnx , and that the system Kernel is
weakly dependent on past state values, then for all k ≥ 0 there
exist a constant c such that for any function φ ∈ B(Rnx ):
h
i
kφk
2
(11)
E ((p̂N , φ) − (p, φ)) ≤ c
N
where N is the number of particles, B(·) the set of Borel
4
bounded
functions in Rnx , and we used the notation (p, φ) =
R
pφ. This roughly means that if the true optimal filter is
quickly mixing, then uniform convergence in time of the
particle filtering method is ensured. However, a sufficiently
large number of particles is required in practice. Analyses on
the minimal number of particles are reported in [20].

Then, for a sufficiently large number of particles, a particle filtering approximation p̂N (xk |Zk , C k ) of the above a posteriori
PDF will converge to the exact a posteriori distribution.
In the following we define two Bayesian recursions for Constrained Filtering, in which knowledge about the constraints is
used in the prediction step in one case, and in the update step
in the other case. We show that from a Bayesian viewpoint
the two recursions are equivalent.
A. Using Knowledge in the Prediction Step
In order to exploit information in the prediction step, we
define the following predictive PDF:
p(xk |Zk−1 , C k ) =
Z
= p(xk , xk−1 |Zk−1 , C k ) dxk−1
Z
= p(xk |xk−1 , Zk−1 , C k ) p(xk−1 |Zk−1 , C k ) dxk−1
Z
= p(xk |xk−1 , Ck ) p(xk−1 |Zk−1 , C k−1 ) dxk−1 (15)

IV. C ONSTRAINED BAYESIAN F ILTERING
As already mentioned, oftentimes additional information
about the state is available. In fact, the state variables usually
correspond to physical quantities of interest, and validity
regions may be helpful for the filter design. For instance, in
ground target tracking constraints on target position are easily
obtained from sea/land distinction, while speed constraints can
be defined based on the solution of the classification problem
and/or based on the type of terrain/sea traveled at the moment.
Here we specifically focus on Constrained Bayesian Filtering for the case of hard constraints. Despite being purely
theoretic at first glance, the case of perfectly known hard
constraints is oftentimes encountered in practice. Examples are
the tracking of ground vehicles moving on a road network,
or the tracking of ships traveling on canals. In general, all
the constraints arising from physical laws, e.g., the mass
conservation for chemical reactions, are of this family.
Let us assume that external information is available in terms
of nonlinear inequality constraints:
ak ≤ Ck (xk ) ≤ bk
nx

Proceeding, in the update step of the Bayesian recursion we
define the following a posteriori distribution:
p(xk , zk , Zk−1 , C k )
p(zk , Zk−1 , C k )
k−1
p(zk |xk , Z
, C k ) p(xk |Zk−1 , C k ) p(Zk−1 , C k )
=
p(zk |Zk−1 , C k ) p(Zk−1 , C k )
p(zk |xk ) p(xk |Zk−1 , C k )
(16)
=
p(zk |Zk−1 , C k )

p(xk |Zk , C k ) =

B. Using Knowledge in the Update Step
Here we define the predictive distribution without conditioning on the most recent set Ck , i.e.
p(xk |Zk−1 , C k−1 )
Z
= p(xk , xk−1 |Zk−1 , C k−1 ) dxk−1
Z
= p(xk |xk−1 , Zk−1 , C k−1 ) p(xk−1 |Zk−1 , C k−1 ) dxk−1
Z
= p(xk |xk−1 ) p(xk−1 |Zk−1 , C k−1 ) dxk−1
(17)

(12)

nc

where Ck : R → R , and the inequality sign holds for
all elements. For convenience, let Ck be the set of all states
satisfying the inequality constraint (12), i.e.
4

Ck = {xk : xk ∈ Rnx , ak ≤ Ck (xk ) ≤ bk }
4

(13)

and C k = {C0 , C1 , . . . , Ck } be the sequence of Ck up to
time k. From a Bayesian viewpoint, exploitation of external
knowledge boils down to finding an approximation of:

p(xk |Zk ), if xk ∈ Ck
k
k
p(xk |Z , C ) ∝
(14)
0,
otherwise

And then update using both zk and Ck , i.e.
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p(xk , zk , Zk−1 , Ck , C k−1 )
p(zk , Zk−1 , Ck , C k−1 )
p(zk |xk ) p(Ck |xk ) p(xk |Zk−1 , C k−1 )
=
(18)
p(zk |Zk−1 , C k ) p(Ck |C k−1 )

p(xk |Zk , C k ) =

Let us now compare the a posteriori PDFs defined by eqs.
(16) and (18). We conclude that the two recursions coincide
from a Bayesian viewpoint if the following equivalence holds:
p(xk |Zk−1 , C k ) =

p(Ck |xk ) p(xk |Zk−1 , C k−1 )
p(Ck |C k−1 )

Algorithm 1: Rejection-Sampling Particle Filter
oN
i
xik−1 , wk−1
and the new measurement zk
i=1
 i
N
i
Output: xk , wk i=1
Input:

(19)

while i = 1, 2, . . . , N (Prediction Step) do
while xik 6∈ Ck (Rejection-Sampling) do
Generate a New Particle: xik ∼ pk (xik |xik−1 )
end
end
while i = 1, 2, . . . , N (Update Step) do
i
Compute Weights: w̃ki = wk−1
p(zk |xik ) ;
end
P
i
Normalization Step:
wki = w̃ki / N
∀i;
i=1 w̃k
PN
Effective Sample Size: Nef f = 1/ i=1 (wki )2 ;
if Nef f ≤ βN (Resampling Step) then

N
New Particles x̃ik , 1/N i=1 s.t. P (x̃ik = xik ) = wki
end

which can be proven using Bayes theorem. Hence, for a sufficiently large number of particles, and for the case of perfectly
known hard constraints, a particle filtering approximation
to the constrained filtering recursion will provide the same
results independently from processing the available external
knowledge in the prediction or update step.
V. PARTICLE F ILTERING M ETHODS
In this section we review the two main methods for constraints exploitation in particle filtering: (a) the RejectionSampling PF which carries out the processing of section IV-A,
and (b) the Pseudo-Measurements PF which carries out the
processing described in section IV-B.
A. Rejection-Sampling (Prediction Step)
A procedure to perform constrained sampling was introduced in [15]. Consider the conditional probability theorem:
p(x|A) =

p(x, A)
p(A)

where A represents constraints on x such that A
{x : x ≤ a}. Then the following are true:
p(x|A)
p(x|A)

p(x, x ≤ a)
= p(x|x ≤ a) =
p(x ≤ a)

p(x)

, if x ≤ a
=
p(x ≤ a)

0,
otherwise

n

which leads us to the definition of Algorithm 2.
The approach generally requires a higher number of particles since many of them are discarded at each step. However,
experience tells that the computational load is usually strongly
reduced compared to Rejection-Sampling PF of Algorithm 1.

(20)
Algorithm 2: Pseudo-Measurements Particle Filter
=

oN
i
xik−1 , wk−1
and the new measurement zk
i=1
 i
N
i
Output: xk , wk i=1
Input:

(21)

n

while i = 1, 2, . . . , N (Prediction Step) do
Generate a New Particle: xik ∼ pk (xik |xik−1 )
end
while i = 1, 2, . . . , N (Update Step) do
i
Compute Weights: w̃ki = wk−1
p(zk |xik ) p(Ck |xk ) ;
end
P
i
∀i;
Normalization Step:
wki = w̃ki / N
i=1 w̃k
PN
Effective Sample Size: Nef f = 1/ i=1 (wki )2 ;
if Nef f ≤ βN (Resampling Step) then

N
New Particles x̃ik , 1/N i=1 s.t. P (x̃ik = xik ) = wki
end

(22)

In other words, the constrained PDF is the original p(x)
restricted to A and normalized. Thus the particle filter of
Algorithm 1 conceptually solves the problem. The solution is
theoretically correct and extremely simple, but the computational load required generally makes the approach unfeasible.
B. Pseudo-Measurements (Update Step)
The Pseudo-Measurements approach interprets the constraints as additional measurements. The main step is the
definition of a constraint based likelihood function:

1, if ak ≤ Ck (xik ) ≤ bk
i
p(Ck |xk ) =
(23)
0,
otherwise
Thus, the only necessary modification is the use of an additional likelihood function in the evaluation of the weights:
i
w̃ki = wk−1

p(zk |xik ) p(Ck |xik ) p(xik |xik−1 )
qk (xik |xik−1 , zk )

(24)

where the ∼ sign is used to refer to unnormalized weights.
Furthermore, if we use the transition kernel as proposal
distribution, we have the common simplification:
w̃ki

=

i
wk−1

p(zk |xik )

p(Ck |xik )

C. Discussion about the two filters
Let us now discuss on the algorithms, and show that they
provide the same results also from a practical viewpoint. The
Rejection-Sampling PF is in principle an optimal solution.
In fact, all the particles verify the constraints at every time
step thanks to an efficient approximation of the constrained
predictive PDF p(xk |Zk−1 , C k ). The Pseudo-Measurements
PF requires resampling at every time step if all the particles
need to be constrained. The computational load per particle is
drastically reduced, but a larger number of particles is required.
4 
x0 . . . xk
Let Xk =
be the sequence of system
states. Hence, the general expression for the weights is:

(25)
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wk =

p(Zk |Xk ) p(Xk )
p(Zk )

(26)

which for sequential constrained filtering becomes:
w̃k = wk−1

p(zk |xk ) p(xk |xk−1 , Ck )
q(xk |Xk−1 , Zk )

(27)

where we assume that we are able to evaluate the constrained
transition Kernel p(xk |xk−1 , C k ).
In Rejection-Sampling the following holds true:
q(xk |Xk−1 , Zk ) = p(xk |xk−1 , Ck )

(28)

which yields for the evaluation of the weights:
RS
w̃kRS = wk−1
p(zk |xk )

(29)

In the Pseudo-Measurements approach we choose:
q(xk |Xk−1 , Zk ) = p(xk |xk−1 )
and use the hard constrained likelihood:

p(xk |xk−1 , Ck )
1 xk ∈ Ck
p(Ck |xk ) =
=
0 otherwise
p(xk |xk−1 )

(30)

(31)

be two continuous densities on Rd , then the KLD DKL (a, b)
between a and b is a scalar number in [0, ∞] such that:

0
if a ≡ b
DKL (a, b) =
(34)
+∞ if support(b) 6⊆ support(a)
The KLD is always positive and equal to zero if and only if
the two densities coincide. Hence, it is an appropriate means
to evaluate the closeness of a density to another.
Let {x1 , x2 , . . . xn } and {y1 , y2 , . . . , ym } be i.i.d. samples
drawn from a and b, respectively. An asymptotically unbiased
and mean square consistent estimator for the KLD DKL (a, b)
was introduced in [21]. Furthermore, in [22] the estimator
was shown to be effective for comparisons of particle filters.
Here we follow a similar approach. In particular, we are
interested in showing that the particle-based KLD between
the empirical PDFs obtained from the Rejection-Sampling PF
and the Pseudo-Measurements PF converges towards zero for
an increasing number of particles. Notice that since the two
methods are equivalent, the true KLD is 0.

which yields for the evaluation of the weights:
PS
w̃kP S = wk−1
p(zk |xk ) p(Ck |xk )

(32)

which for the subset of particles verifying the constraints
coincides with eq. (29). Hence, in the case of hard constraints
and for a sufficiently large number of particles, the two
methods provide the same results.
A different reasoning can be followed in order to verify
the correctness of the Pseudo-Measurements PF. The constraints in eq. (12) affect the target dynamics from a physical
viewpoint. Hence, exploitation of such knowledge in the
prediction step as described in section IV-A is Bayes optimal
if we can evaluate the constrained Kernel p(xk |xk−1 , Ck ). In
addition, the convergence results of PFs are not affected by
the chosen importance function q(xk |Xk−1 , Zk ) as long as the
weights are re-scaled using eq. (27). Hence, we can use the
unconstrained transition Kernel as importance function and
evaluate the weights as:
w̃k = wk−1

p(zk |xk ) p(xk |xk−1 , Ck )
p(xk |xk−1 )

(33)

which exactly coincides with the equation used by Algorithm 2, thus proving again the correctness of the PseudoMeasurements PF in the case of hard constraints.
D. Comparisons using the KL Divergence
Let us now consider a simple 2D tracking example and
perform simulative comparisons of the algorithms. We have
already proven that the two methods are equivalent from a
theoretical viewpoint, and we are now interested in showing
that they yield equivalent empirical distributions.
In information theory, the concept of differential entropy
is related to the information content of a continuous random
variable. The relative entropy, or Kullback-Leibler Divergence
(KLD), is a non-symmetric measure of the diversity existing
between two continuous probability distributions. Let a and b

Fig. 1.

Scenario: Rejection-Sampling PF vs. Pseudo-Measurements PF

We consider a simple 2D tracking problem as the one depicted
in fig. 1, where a ship is traveling inside
 a known shipping

lane. The chosen state vector is xk = xk yk ẋk ẏk ,
where (xk , yk ) and (ẋk , ẏk ) are position and velocity vectors,
respectively. A Nearly Constant Velocity (NCV) model is used
for the dynamics, and we assume that a Radar positioned at
the Cartesian origin collects measurements of range, azimuth,
and range rate. Hence, the nonlinear measurement function
hk (·) in (2) takes the form:
 p

(xk )2 + (yk )2


4 
atan2(yk , xk ) 


hk (xk ) = 
(35)

 xk ẋk + yk ẏk 
p
(xk )2 + (yk )2
and vk is zero-mean Gaussian noise. Parameters used in simulations are reported in Table I. Knowledge on the shipping
lane and target dynamics is modeled by the constraints:
4

Ck = {xk ∈ Rnx : 45 ≤ yk ≤ 55, vk ≤ 10}
q
4
2
2
vk = (ẋk ) + (ẏk )
and implies the following hard constrained likelihood:

1, if xik ∈ Ck
i
p(Ck |xk ) =
0, otherwise
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(36)

(37)

Parameter
Range Std. Deviation
Azimuth Std. Deviation
Range Rate Std. Deviation
Sampling Time

Symbol
σr
σθ
σṙ
Ts

Value
25m
1 deg
1m/s
1s

important. Such problem cannot be solved without focusing
on a specific application. In fact, in the second part of this
section we show that if the detection of unmodeled behaviors
is of interest, then a suitably designed Interactive Multiple
Models (IMM) PF can effectively solve the problem.
Let us consider the scenario of fig. 3, where a target is
moving from the initial position (x0 , y0 ) = (50, 52.5)m at a
constant speed of 5m/s along the x component. Knowledge

TABLE I
PARAMETERS U SED IN S IMULATION

Fig. 3. Considered scenario. The ship travels from left to right at a constant
velocity of 5m/s along the x component. For time instants k ∈ [20, 40] the
ship violates the soft constraint defined by the shipping lane.

Fig. 2.
Mean Value and Variance of the estimated Kullback-Leibler
Divergence over 100 Monte Carlo runs

In fig. 2 we report the results obtained over 100 Monte
Carlo trials for an increasing number of particles. We report
the Mean Value and the Variance for the estimated KullbackLeibler Divergence for the two constrained PFs. From fig. 2
it is possible to verify the convergence towards 0 for both the
Mean and the Variance of the estimated KLD. The analysis
is of interest since it verifies the equivalence of the two
methods from a practical viewpoint. However, a sufficiently
large number of particles is required to achieve satisfactory
low values of the KLD.
VI. S OFT C ONSTRAINED F ILTERING
In this section we consider the case of Soft Constraints. As
already mentioned, we define a constraint as being soft when
the tracker knows exactly the set Ck in eq. (13), but the target
can violate the constraints. A good example is a maritime
scenario with a known shipping lane. On average ships will
travel within the shipping lane, possibly following the middle
line of it. However, ships can travel outside the shipping lane.
How should we model such information?
We are interested in studying the performance of the
Pseudo-Measurements PF in the presence of soft constraints.
In particular, our simulation results show that when unmodeled behaviors occur, the performance degradation in using
a straightforward implementation of constrained filtering is

on the shipping lane and target dynamics is given by (36). The
constraints are soft since the target travels outside the shipping
lane for k ∈ [20, 40]. The chosen state vector contains again
the Cartesian components, and a Nearly Constant Velocity
(NCV) model is used for the target dynamics. A radar collects
measurements of range, azimuth, and range rate. Hence, the
nonlinear measurement function in (35) is used once more, as
well as the parameters reported in Table I.
A. Soft Pseudo-Measurements
We now consider a straightforward extension of the PseudoMeasurements PF for the case of soft constraints. If the
constraints are given by eq. (36), an extension is obtained
using the following knowledge-based likelihood:

1, if xik ∈ Ck
p(Ck |xik ) =
(38)
α, otherwise
where α < 1 can be chosen based on the frequency at which
the constraint has been violated so far. Compared to eq. (23),
instead of using a 0 − 1 likelihood, we define a fuzzy membership alike function. In the tracking literature, this approach is
considered a reasonable solution to soft constrained filtering,
and has already been used with promising results [23].
We tested the Unconstrained SIR-PF and the PseudoMeasurements PF over 200 Monte Carlo runs. For the PseudoMeasurements PF we considered different values of the parameter α = {0.2, 0.3, . . . , 0.9}. Both filters evaluate the MAP
estimate of eq. (8), which is implemented using the approach
described in [24]. The tracking performance is measured in
terms of the absolute value of the Mean Error (ME), and in
terms of the Root Mean Square Error (RMSE).
The results are reported in figs. 4 and 5. During the constraint violation period, i.e., for k ∈ [21, 40], the unconstrained
PF has better results. For k ∈ (41, 80], the ME and RMSE
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Fig. 4. Absolute Value of the Mean Error, and Root Mean Square Error for
the MAP Estimate along the x component.

Fig. 6. Empirical Distributions and true target position at k = 40 for
N = 105 particles. N is sufficiently high to say that the SIR-PF gives the
true a posteriori distribution. From the ’SIR PseudoMeas’ filter we obtain a
distribution which is shifted towards lower values of x, this meaning that both
the MV and MAP estimators will give biased estimates.

that does not represent the true target behavior.
B. Detecting Constraints Violation

Fig. 5. Absolute Value of the Mean Error, and Root Mean Square Error for
the MAP Estimate along the y component.

decrease but time is needed before good performance is
reached again.
To better understand the problem, we run the two filters
using N = 105 particles over a single trial. In such a case, the
empirical distribution given by the Unconstrained PF is a good
approximation of the true a posteriori distribution. In fig. 6 we
report the empirical distributions at time instant k = 40, which
is the end of the constraint violation period. The chosen α
parameter for this case was α = 0.8. Notice how the empirical
distribution obtained from the Pseudo-Measurements PF is
shifted towards lower values of the x component. Hence, the
biases in figs. 4 and 5 are not due to symmetry reasons, but to
the fact that the Pseudo-Measurements PF is targeting a PDF

At the beginning of this section we asked ourselves how
we should model the information relative to soft constraints.
The problem is that we cannot model the constraints violations
since they are unknown. This is a common problem in modeling, and it is usually solved through increasing of the process
noise intensity. The above presented extension of the PseudoMeasurements PF is based on the same idea. However, our
analyses showed that such an approach might not be sufficient.
We are interested in exploiting the known constraints on the
target dynamics while being able of detecting the occurrence
of unmodeled behaviors (constraint violation). This is a specific application that has great importance in both military and
civil environments. Hence, we propose an Interactive Multiple
Models (IMM) PF using the following models:
• mk = 1, Constrained Motion Model: a straight line NCV
model implemented through the Pseudo-Measurements
PF using the binary likelihood of eq. (23);
• mk = 2, Anomalies Detection Model: a straight line
NCV model which is used to predict particles outside
the shipping lane. Also this model is implemented using
the Pseudo-Measurements PF with the likelihood:

0, if 45 ≤ xik ≤ 55
i
p(Ck |xk ) =
(39)
1,
otherwise
where mk is the mode variable. The IMM-PF used in simulation is based on the algorithm proposed in [25].
We tested the Pseudo-Measurements IMM-PF and the standard Unconstrained PF over 200 Monte Carlo runs using
N = 1e4 particles. In particular, for the IMM-PF we use
half of the particles for each model. The results in terms of
position RMSE are depicted in fig. 7. The behavior is similar
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Fig. 7. Position RMSE over time for the standard Unconstrained PF and the
Pseudo-Measurements IMM-PF. The filter does not overcome the increase in
error due to the constraint violation for k ∈ [21, 40].

Fig. 8. Average Posterior Mode Probabilities for the IMM-PF. Notice how
the filter is able to detect the constraint violation occurring for k ∈ [21, 40].

to what is shown in figs. 4 and 5. However, from fig. 8 we
notice that the filter is able to detect the constraint violation.
VII. C ONCLUSION
This paper addresses fundamental issues arising when tracking a target that is subject to known constraints. The Particle
Filter is the workhorse for such cases. If constraints are known
and correctly modeled, then the PF converges to the correct a
posteriori PDF. In particular, we formally showed that in such
case, processing of external knowledge in the prediction or in
the update step of the filtering recursion are equivalent from a
Bayesian viewpoint. This means that we can use the PseudoMeasurements technique for optimal processing of external
knowledge. The equivalence is also shown from a practical
viewpoint through a simple 2D tracking example. Here a
particle approximation of the Kullback-Leibler Divergence is
used as a measure of closeness between empirical densities.
We then focused on the case of soft constraints, and
demonstrated through simulations that if unmodeled behaviors
occur, the performance degradation is important. Such problem
cannot be solved in general without focusing on a specific
application. In particular, we showed that when the detection
of unmodeled behaviors is of interest, then an IMM-PF with
suitably chosen models effectively solves the problem.
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