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Abstract—Particle Filters (PFs) nowadays represent the state
of art in nonlinear filtering. In particular, their high flexibility
makes PFs particularly suited for Bayes optimal exploitation of
possibly available external knowledge.

In this paper we propose a new method for optimal processing
of external knowledge that can be formalized in terms of
hard constraints on the system dynamics. In particular, we are
interested in the tracking performance improvements attainable
when forward processing of external knowledge is performed
over a moving window at every time step. That is, the one step
ahead prediction of each particle is obtained through a Fixed-
Lag Smoothing procedure, which uses Pseudo-Measurements to
evaluate the level of adherence between each particle trajectory
and the knowledge over multiple scans.

A proof of improvements is presented by utilizing differential
entropy [1] as a measure of uncertainty. That is, we show that
the differential entropy of the posterior PDF targeted by the
proposed approach is always lower or equal to the differential
entropy of the posterior PDF usually targeted in constrained
filtering. Thus, for a sufficiently large number of particles, a
PF implementation of the proposed Knowledge-Based Fixed-Lag
Smoother can only improve the track accuracy upon classical
algorithms for constrained filtering. Preliminary simulations show
that the proposed approach guarantees substantial improvements
when compared to the Standard SISR-PF and to the Pseudo-
Measurements PF.

I. INTRODUCTION

In the last twenty years, the necessity of increasing the de-
tection and tracking performance of civil and military surveil-
lance systems has dictated the use of more accurate models. In
turn, this has required the inclusion of nonlinearity and non-
Gaussianity in the equations used for estimation purposes. In
this way, the system and measurement equations can better
represent the targets and sensors behaviors, especially in the
case of strongly nonlinear sensors and/or highly maneuver-
able targets. However, such sophisticated models violate the
assumptions of the Kalman Filter (KF), so that it is necessary
to resort to a more general Bayesian formulation in order to
optimally solve the filtering problem. Any other KF inspired
solution to the nonlinear filtering problem, e.g., Extended
Kalman Filter (EKF) or Unscented Kalman Filter (UKF),
will yield suboptimal performance, independently from the
available computational power.

The Bayesian approach to the filtering problem aims at
constructing the a posteriori probability density function (PDF)
of the state given all the available information, and then
numerically approximating such a PDF. The nonlinear filtering
problem is then recursively solved by using a PF, which is a

Monte Carlo based approximation of the Bayesian recursion,
and nowadays represents the state of art in nonlinear target
tracking [2]. Such filters operate by propagating particles that
are distributed according to the approximately true PDF of
the state, and convergence to the true a posteriori distribution
is guaranteed for a sufficiently large number of particles [3].
If computational power is available, a particle filtering based
solution to the nonlinear filtering problem can theoretically
achieve optimal detection and tracking performance.

Oftentimes, additional information about the target and/or
the environment is available and can be formalized in terms
of constraints on the target dynamics. Such information can
be optimally processed by means of particle filtering. For
instance, in [4] the use of inequality constraints in multi-target
tracking is considered. The authors propose three different PF
algorithms for processing of knowledge in the prediction and
in the update steps of a PF, and show that the filters achieve
good performance for the considered scenarios.

A refined model with state dependent detection probability
and clutter notch information is proposed in [5] for airborne
GMTI based ground tracking. Equality and inequality con-
straints are used to model the known road network. Hard
inequality state constraints are used in [6] to represent the
known flight envelope (i.e., minimum and maximum veloci-
ties), and a Rejection-Sampling approach is proposed to en-
force the constraints. The method is intrinsically correct since
all the predicted particles effectively respect the constraints,
but computationally demanding. However, in [7] it has been
shown that processing of external knowledge in the prediction
or in the update step are equivalent, so that we can consider
the Pseudo-Measurements PF as a correct way of achieving
Bayes optimal exploitation of external knowledge, at least for
a sufficiently large number of particles.

In this work, we propose a new method for processing
of external knowledge that is described by hard constraints
on the target dynamics. The idea is to use a Knowledge-
Based (KB) Fixed-Lag Smoothing procedure at time k − 1
in order to determine the predicted cloud of particles at time
k. The delay L in showing the results, which is usually
required when performing on-line fixed-lag smoothing, is not
necessary in our case since we perform smoothing with respect
to the constraints at successive time steps. In particular, the
KB Smoothing procedure is performed within the standard
prediction step of the filtering recursion.

A theoretical proof of improvements is presented by using
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differential entropy as a measure of uncertainty in continuous
probability densities. That is, we show that the differential
entropy of the posterior PDF targeted by the proposed ap-
proach is always lower or equal to the differential entropy
of the posterior PDF usually targeted in constrained filtering.
Thus, for a sufficiently large number of particles, a Sequential
Monte Carlo (SMC) approximation of the proposed method
can only improve the track accuracy upon classical algorithms
for single-scan constrained filtering.

The paper is organized as follows: in section II we re-
call the constrained filtering problem in the case of hard
constraints, and its Bayes optimal solution by means of the
Pseudo-Measurements PF; in section III we consider particle
filtering methods for Bayesian smoothing. We then present our
approach for knowledge-based fixed-lag smoothing in section
IV, along with a proof of optimality by means of entropy
minimization. Simulation results are reported in section V,
while our conclusions are discussed in section VI.

II. CONSTRAINED BAYESIAN FILTERING

In this section, we briefly recall the constrained Bayesian
nonlinear filtering problem and its optimal solution through
Pseudo-Measurements based processing of knowledge. Hence,
let us consider the following nonlinear state-space model:

xk+1 = fk(xk) + wk (1)
zk = hk(xk) + vk (2)

where xk ∈ Rnx is the system state, zk ∈ Rnz the
measurement vector, wk ∼ pwk(w) the process noise, and
vk ∼ pvk(v) the measurement noise. The Markov property
holds for the system (1)-(2), i.e.,

p(xk|xk−1,xk−2, . . . ,x0) = p(xk|xk−1) (3)

where p(xk|xk−1) is known as the transition model (Kernel).
Let z0:k

4
=
{

z1 z2 . . . zk
}

be the sequence of
measurements up to and including time k. Assume the mea-
surement zk at time k is independent from past states, i.e.,

p(zk|zk−1, . . . , z1,xk,xk−1, . . . ,x0) = p(zk|xk) (4)

where p(zk|xk) is known as the likelihood function.
An expression for the joint smoothing distribution of states

and observations is obtained by the probability chain rule, i.e.,

p(x0:k|z0:k) = p(x0)

(
k∏
i=1

p(xi|xi−1)

) (
k∏

0=1

p(zi|xi)

)
(5)

where x0:k
4
=

{
x0 x1 . . . xk

}
. A primary con-

cern is the sequential estimation of the filtering distribution
p(xk|z0:k). Given p(xk−1|z0:k−1) and zk, the Bayesian Filter-
ing problem is solved using the following two step recursion:
• Prediction Step

p(xk|z0:k−1) =
∫
p(xk|xk−1) p(xk−1|z0:k−1) dxk−1

(6)
where p(xk|z0:k−1) is the predictive density at time k.

• Update Step

p(xk|z0:k) =
p(zk|xk) p(xk|z0:k−1)

p(zk|z0:k−1)
(7)

where p(zk|z0:k−1) is the Bayes normalization constant.
Various state estimators are obtained from the posterior PDF
p(xk|z0:k), like for instance the minimum variance (MV)
estimator or the maximum a posteriori (MAP) estimator. In
general, if φ(xk) : Rnx → Rnφ is a function of the state
we want to estimate, most estimation algorithms compute an
approximation of the conditional expectation:

E (φ(xk)|z0:k) =
∫

φ(xk) p(xk|z0:k) dxk (8)

The particle filter computes an approximation of (8) using the
empirical filtering density, i.e.,

p̂N (xk|z0:k) =
N∑
i=1

wik δxik(xk) (9)

where each particle xik has an importance weight wik associ-
ated to it, and δxik(·) denotes the delta-Dirac mass located at
xik. Convergence results for PFs are surveyed in [3].

Algorithm 1: Pseudo-Measurements Particle Filter

Input:
{
xi

k−1, w
i
k−1

}N

i=1
and the new measurement zk

Output:
{
xi

k, w
i
k

}N

i=1

while i = 1, 2, . . . , N (Prediction Step) do
Generate a New Particle: xi

k ∼ pk(xi
k|x

i
k−1)

end
while i = 1, 2, . . . , N (Update Step) do

Compute Weights: w̃i
k = wi

k−1 p(zk|xi
k) p(Ck|xk) ;

end

Normalization Step: wi
k = w̃i

k/
∑N

i=1 w̃
i
k ∀ i ;

Effective Sample Size: Neff = 1/
∑N

i=1(wi
k)2 ;

if Neff ≤ βN (Resampling Step) then
New Particles

{
x̃i

k, 1/N
}N

i=1
s.t. P (x̃i

k = xi
k) = wi

k
end

Oftentimes additional information about the state is avail-
able, and can be formalized in terms of hard constraints on the
system dynamics. This happens for instance in the tracking of
ground vehicles moving on a road network, or when tracking
a ship that is traveling in a canal. Hence, let Ck : Rnx → Rnc
be a function describing the constraints, and Ck the set of all
states satisfying inequality constraints, i.e.,

Ck
4
= {xk : xk ∈ Rnx ,ak ≤ Ck(xk) ≤ bk} (10)

Let C0:k
4
= {C0, C1, . . . , Ck} be the sequence of Ck up to

time k. From a Bayesian viewpoint, exploitation of external
knowledge boils down to finding an approximation of

p(xk|z0:k, C0:k) ∝

{
p(xk|z0:k, C0:k−1), if xk ∈ Ck

0, otherwise
(11)
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The external knowledge contained in C0:k can be exploited in
both the prediction or update steps. The methods are equivalent
from a Bayesian viewpoint, and lead to the definition of two
particles filters which are shown to be numerically equivalent
for an increasing number of particles [7].

Let us assume that processing of the new information at time
k, described by Ck, is performed in the update step. Hence,
the Bayesian filtering recursion takes the form:
• Prediction Step

p(xk|z0:k−1, C0:k−1)

=
∫
p(xk|xk−1) p(xk−1|z0:k−1, C0:k−1) dxk−1

(12)

• Update Step

p(xk|z0:k, C0:k)

=
p(zk|xk) p(Ck|xk) p(xk|z0:k−1, C0:k−1)

p(zk|z0:k−1, C0:k) p(Ck|C0:k−1)
(13)

where p(Ck|xik) is the Pseudo-Measurements likelihood, i.e.,

p(Ck|xik) =
{

1, if ak ≤ Ck(xik) ≤ bk
0, otherwise (14)

which leads to the definition of the Bayes optimal Pseudo-
Measurements PF described in Algorithm 1.

III. PARTICLE FILTERING FOR BAYESIAN SMOOTHING

In this section we review the particle filtering approach
to Bayesian Smoothing with a specific interest in fixed-lag
smoothing. The first thing to notice is that the basic filtering
recursion provides an approximation of the joint smoothing
distribution [8]. In fact, using a PF from time 0 to k, the
stored particle trajectories

{
xi0:k

}N
i=1

along with their weights{
wik
}N
i=1

can be viewed as weighted samples drawn from the
joint smoothing distribution p(x0:k|z0:k), i.e.,

p(x0:k|z0:k) ≈
N∑
i=1

wik δxi0:k(x0:k) (15)

with
∑N
i=1 w

i
k = 1, wik ≥ 0, is a correct empirical approxi-

mation of the joint smoothing distribution.
Given a smoothing lag L, from the joint draws{

xi0:k, w
i
k

}N
i=1

one can readily extract an approximation of the
fixed-lag smoothing distribution p(x0:k−L|z0:k) as follows:

p(x0:k−L|z0:k) ≈
N∑
i=1

wik δxi0:k−L(x0:k−L) (16)

Similarly, given a positive interval ∆ = L − L0, an approxi-
mation to the fixed-interval smoothing distribution is:

p(xk−L0+1:k−L|z0:k) ≈
N∑
i=1

wik δxik−L0+1:k−L
(xk−L0+1:k−L) (17)

which is of interest when studying the cross-correlation over
time between the state variables.

In practice, if independent identically distributed (iid) sam-
ples

{
xi0:k−1, 1/N

}N
i=1

are available, the standard factoriza-
tion is used to move from time k to k + 1, i.e.,

p(x0:k|z0:k) = p(x0:k−1|z0:k−1)
p(zk|xk) p(xk|xk−1)

p(zk|z0:k−1)
(18)

and the importance weights are updated as usual, i.e.,

wk ∝
p(zk|xk) p(xk|xk−1)
q(xk|xk−1, zk)

(19)

where q(xk|xk−1, zk) is a suitably chosen proposal distribu-
tion. A new set of iid samples is obtained by drawing N

trajectories at random with replacement from
{
xi0:k, w

i
k

}N
i=1

,
[9]. Thus, one of the approximations in eqs. (15) to (17) can be
used to solve the smoothing problem at hand. This approach to
smoothing is known as trajectory-based smoothing, or ances-
try tree. However, due to the resampling step, for large values
of L and ∆ the approximation to the smoothing distribution
turns out to be strongly depleted and inaccurate.

A. Forward Filtering Backward Smoothing
We are now interested in improving the above basic scheme.

This can be done by extending the Kalman forward-backward
smoothing recursion [10] to nonlinear problems. Such tech-
nique is known as forward filtering backward smoothing
(FFBS), or the Baum-Welch algorithm [11].

The joint distribution can be factorized as follows:

p (x0:T |z0:T ) = p (xT |z0:T )
T−1∏
k=0

p (xk|xk+1:T , z0:T )

= p (xT |z0:T )
T−1∏
k=0

p (xk|xk+1, z0:T ) (20)

where the term in the product can be expressed as

p (xk|xk+1, z0:T ) =
p (xk|z0:k) p (xk+1|xk)∫
p (xk|z0:k) p (xk+1|xk) dxk

(21)

∝ p (xk|z0:k) p (xk+1|xk) (22)

Assume that filtering has been performed up to time T , leading
to a particle representation

{
xi0:k, w

i
k

}N
i=1

for k = 0, 1, . . . , T .
A particle approximation to p (xk|xk+1, z0:T ) in (22) is ob-
tained straightforwardly from the weighted samples, i.e.,

p(xk|xk+1, z0:T ) ≈
∑N

i=1
ρik(xk+1) δxik (xk) (23)

where the backward weights are evaluated as [12]:

ρik(xk+1)
4
=

wik p
(
xk+1|xik

)∑N
j=1 w

j
k p
(
xk+1|xjk

) (24)

Using the sampling importance resampling idea, the particle-
based distribution in (23) can be used to generate samples
backwards in time. However, one is oftentimes interested in
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the marginal smoothing distribution p (xk|z0:T ) for some time
k < T . Hence, the following backward recursion over a fixed
interval 0 to T can be used, i.e.,

p (xk|z0:T )

= p (xk|z0:k)
∫

p (xk+1|z0:T ) p (xk+1|xk)∫
p (x|z0:k) p (xk+1|xk) dx

dxk+1

=
∫
p (xk+1|z0:T ) p(xk|xk+1, z0:T ) dxk+1 (25)

where p(xk|xk+1, z0:T ) simplifies as in (23).
In a Monte Carlo implementation of eq. (25), one re-

cursively obtains particle estimates of the marginal smooth-
ing distribution at the next time instant, i.e., p (xk+1|z0:T ),
and combines these with the particle filtering estimates of
p (xk|z0:k) in (25). A drawback of this method is that a
Monte Carlo estimate is required to approximate the term
p (xk+1|z0:k) at denominator in (21). Proceeding, if we now
approximate the term p (xk+1|z0:T ) using the weighted sam-

ples
{
xik+1, w

i
k+1|0:T

}N
i=1

, an approximation of the marginal
smoothing distribution is obtained as follows:

p (xk|z0:T ) ≈
∑N

i=1
wik|0:T δxik(xk) (26)

where the new weights are given by:

wik|0:T = wik

 N∑
j=1

wjk+1|0:T p
(
xjk+1|xik

)
∑N
l=1 w

l
k p
(
xjk+1|xlk

)
 (27)

Other forms of marginal smoothing can be obtained using the
so-called two filter formula [13]. In this case, an approximation
of the marginal smoothed posterior distribution is obtained by
combining the output of two independent filters. One of the
filters recurses in the forwards time direction and calculates
p(xk|z0:k−1), while the other recurses in the backwards time
direction calculating p(zk:T |xk). The distribution p(xk|z0:T )
is then given by:

p(xk|z0:T ) =
p(xk|z0:k−1) p(zk:T |z0:k−1,xk)

p(zk:T |z0:k−1)
(28)

≈ p(xk|z0:k p(zk+1:T |xk) (29)

The algorithm defined in this way will generally have a
lower computational load for certain modeling assumptions. In
addition, since the forward and backward recursions are based
on different particle approximations, the effects of depletion
should be reduced with respect to the FFBS approach.

IV. KNOWLEDGE-BASED FIXED-LAG SMOOTHER

In this section we introduce our new approach for pro-
cessing of possibly available external knowledge. The filter
is described in Algorithm 2 and is called Knowledge-Based
(KB) Fixed-Lag Smoother. However, notice that since at time
k we already know the mathematical structure of the sets
Ck, Ck+1, . . . , Ck+L defining the constraints at successive time
instants, the algorithm behaves like a standard filter and can

be implemented on-line without need of any delay. We use
the word Smoother to point out that a smoothing procedure
is performed to process the knowledge within the prediction
step of the standard filtering recursion.

Before going into the mathematical details, let us introduce
the idea behind our method. At time k, before processing
of the new measurement zk, it is required to predict the
states from time k − 1 to time k. If while doing so we
exploit the constraints at time k, i.e., we predict constrained
particles, the intrinsic uncertainty in the posterior PDF will
be reduced. If we extend this concept and determine the
predicted cloud at time k while exploiting the constraints at
times k, k+1, . . . , k+L, i.e., we predict constrained particles
that generate constrained trajectories, the intrinsic uncertainty
in the posterior PDF will be further reduced. Consider for
instance the tracking of a ship that is moving in a canal. If the
predicted particles cloud at time k is obtained respecting the
canal topology at successive time instants, the track accuracy
can only be improved.

Algorithm 2: Knowledge-Based Fixed-Lag Smoother

Input:
{
xi

k−1, w
i
k−1

}N

i=1
and the new measurement zk

Output:
{
xi

k, w
i
k

}N

i=1

Forward Recursion
while n = k, k + 1, . . . , k + L do

while i = 1, 2, . . . , N do
Predict Particles: xi

n ∼ pk(xn|xi
n−1);

Evaluate Weights: w̃i
n = wi

n−1 p(cn|xi
n) ;

end
Normalization: wi

n = w̃i
n/
∑N

i=1 w̃
i
n, ∀i = 1, 2, . . . , N ;

Resampling if necessary:

if
(∑N

i=1(wi
n)2
)−1

≤ γN then{
x̃i

n, 1/N
}
∼
{
xi

n, w
i
n

}
∀i = 1, 2, . . . , N ;

end
end

Backward Recursion
while n = k + L, k + L− 1, . . . , k do

Evaluate Backward Weights:

wi
n|k:T

= wi
n

(
N∑

j=1

w
j
n+1|k:T p(x

j
n+1|x

i
n)∑N

l=1 wln p(x
j
n+1|x

l
n)

)
;

end(
We now have p(xk|ck:T ) ≈

N∑
i=1

wk|k:T δxi
k
(x)

)
;

Standard Update Step
while i = 1, 2, . . . , N do

Evaluate Weights: w̃i
k = wi

k|k:T
p(zk|xi

k) ;
end

Normalization: wi
k = w̃i

k/
∑N

i=1 w̃
i
k ∀i = 1, 2, . . . , N ;

Resampling if necessary:

if
(∑N

i=1(wi
k)2
)−1

≤ βN then{
x̃i

k, 1/N
}
∼
{
xi

k, w
i
n

}
∀i = 1, 2, . . . , N ;

end

In order to give a theoretical justification to our approach,
we are interested in showing that in the case of hard con-
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straints, a fixed-lag smoothing procedure for processing of
the knowledge can only reduce the intrinsic uncertainty in the
posterior PDF. In particular, by using differential entropy as
a measure of uncertainty in continuous probability densities,
we show that the intrinsic uncertainty in the posterior PDF
targeted by the proposed approach is less than or equal to
the intrinsic uncertainty in the posterior PDF usually targeted
in single-scan constrained filtering. Such property holds in
general if averaging with respect to the measurements, i.e.,

h(x) ≤ h(x|z) (30)

where h(x) is the entropy of p(x) and h(x|z) is the entropy
of p(x|z), x and z being two random variables that are not
conditionally independent. However, given a realization z̄ of
z the property does not hold in general [14, p. 43]. We
will show that for the case of hard constraints the property
holds for any realization of the Pseudo-Measurements used to
exploit the constraints. That is, for a sufficiently large number
of particles, a Sequential Monte Carlo (SMC) approximation
of such procedure will always yield better or equal tracking
performance than single-scan constrained filtering.

Theorem 4.1: Let ck, ck+1, . . . , cT be the sequence of
Pseudo-Measurements describing the system constraints from
time k to time T = k + L, L > 0 being the fixed-lag.

Given a single realization c̄k, c̄k+1, . . . , c̄T , the entropy of
the fixed-lag smoothing PDF, p(xk|c̄k:T ), is less or equal than
the entropy of the filtering PDF, p(xk|c̄k), i.e.,

h(xk|c̄k:T ) ≤ h(xk|c̄k), ∀c̄k:T ∈ Sc (31)

Proof:
The entropy of the filtering PDF is defined as:

h(xk|c̄k) = −
∫
Sxk

p(xk|c̄k) log p(xk|c̄k) dxk (32)

while the entropy of the smoothing PDF is defined as:

h(xk|c̄k:T ) = −
∫
Sxk

p(xk|c̄k:T ) log p(xk|c̄k:T ) dxk (33)

Let us define S≥1
x = {x ∈ Sx : p(x) ≥ 1} and S<1

x = {x ∈
Sx : p(x) < 1}, where p(x) is a generic pdf. Given α(·) such
that α(x) ≥ 1, ∀x ∈ Sx, the following properties hold, i.e.,

−
∫
S
≥1
x

α(x)p(x) logα(x)p(x)dp(x)

≤ −
∫
S
≥1
x

p(x) log p(x)dp(x) ≤ 0 (34)

−
∫
S<1
x

α(x)p(x) logα(x)p(x)dp(x)

≤ −
∫
S<1
x

p(x) log p(x)dp(x) (35)

as well as the two filter formula, i.e.,

p(xk|c̄k:T ) =
p(c̄k+1:T |c̄k,xk)
p(c̄k+1:T |c̄k)

p(xk|c̄k)

= α(xk) p(xk|c̄k) (36)

We now want to show that α(xk) ≥ 1 holds independently
from xk and c̄k, . . . , c̄T . Consider first the numerator, i.e.,

p(c̄k+1:T |c̄k,xk)

=
∫

×Tl=k+1Sxl

p(c̄k+1:T ,xk+1:T |c̄k,xk) dxk+1:T

=
∫

×Tl=k+1Sxl

p(c̄k+1:T ,xk+1:T ) p(xk+1:T |xk) dxk+1:T

=
∫

×Tl=k+1Sxl

L∏
j=1

p(c̄k+j |xk+j)
L−1∏
j=0

p(xk+j+1|xk+j)dxk+1:T

=
∫

×Tl=k+1Cl

L−1∏
j=0

p(xk+j+1|xk+j) dxk+1:T (37)

Where we use the notation ×Tl=k+1Cl = Ck+1 × . . .× CT for
the Cartesian product. Consider now the denominator, i.e.,

p(c̄k+1:T |c̄k)

=
∫

×Tl=k+1Sxl

p(c̄k+1:T ,xk+1:T |c̄k) dxk+1:T

=
∫

×Tl=k+1Sxl

p(c̄k+1:T ,xk+1:T ) p(xk+1:T |c̄k) dxk+1:T

=
∫

×Tl=k+1Cl

∫
Sxk

p(xk+1:T |xk)p(xk|c̄k)dxk dxk+1:T (38)

Consider the integral over Sxk in the above formula, i.e.,∫
Sxk

p(xk+1:T |xk)p(xk|c̄k)dxk

=
∫
Sxk

L−1∏
j=0

p(xk+j+1|xk+j)p(xk|c̄k)dxk

≤
L−1∏
j=0

p(xk+j+1|xk+j) (39)

Compare now equations (37) and (38) by means of the
inequality in (39). Thus, the following holds true, i.e.,

α(xk) ≥ 1, ∀xk ∈ Sxk , ck ∈ Szk , . . . , cT ∈ SzT (40)

The entropy of the smoothed density is given by:

h(xk|c̄k:T ) = −
∫
Sxk

α(xk)p(xk|c̄k) logα(xk)p(xk|c̄k) dxk

(41)
We can rewrite the entropies in (32) and (41) as follows

h(xk|c̄k) = h
(
xk|c̄k, S≥1

x

)
+ h

(
xk|c̄k, S<1

x

)
(42)

h(xk|c̄k:T ) = h
(
xk|c̄k:T , S≥1

x

)
+ h

(
xk|c̄k:T , S<1

x

)
(43)
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and using eqs. (34) and (35) we prove our claim, i.e.

h(xk|c̄k:T ) ≤ h(xk|c̄k), ∀ck ∈ Szk , . . . , cT ∈ SzT (44)

In summary, a fixed-lag smoothing approach for processing
of external knowledge can only reduce the uncertainty with
respect to classical single-step constrained filtering, in the
sense of the entropy of the posterior PDF.

V. SIMULATION RESULTS

The improvements in estimating the posterior PDF of a
target will be demonstrated in a challenging Radar based
surveillance scenario with low Signal-to-Noise Ratio (SNR).
Classical systems are based on processing of plot measure-
ments, i.e., point measurements obtained using a detection
procedure. When the SNR is low, missed detections may
happen, this way increasing the probability of track loss
to the point that a target might not be detected. This is
obviously unacceptable for defense applications. To overcame
such problem, the Track-Before-Detect (TBD) paradigm was
proposed in order to perform tracking directly on the basis of
the raw power reflections collected by the Radar at each scan.
The idea is to integrate over time the information contained
in the measurements, this way delaying the moment at which
the target is declared as detected, while sensibly reducing the
probability of not detecting a target [15].

The system state vector is chosen as Xk = [ xT
k ρk ]T,

where xk ∈ R4 contains the position and velocity vectors in
2D Cartesian coordinates, and ρk ∈ R is the unknown modulo
of the target complex amplitude. Additional knowledge is
available in terms of constraints on the target dynamics, i.e.,

Ck
4
=
{
Xk ∈ R5 : xk ∈ Pk,

√
ẋ2
k + ẏ2

k ≤ vmax
}

(45)

where Pk is a polygon representing the knowledge on the
canal. Thus, the knowledge-based likelihood p(ck|Xk), to be
used in both the Pseudo-Measurements PF and the KB Fixed-
Lag Smoother, is defined straightforwardly, i.e.,

p(ck|Xk) =
{

1, if xk ∈ Ck
0, otherwise (46)

A Nearly Constant Velocity (NCV) model is used to de-
scribe the system dynamics, and a Gaussian random walk
models the fluctuations of the target complex amplitude, i.e.,

Xk+1 = F Xk + vk, vk ∼ N (0;Q) (47)

where vk is a zero-mean Gaussian process noise, Ts the Radar
sampling time, and the matrices are defined as follows:

F = diag(F1, F1, 1), F1 =
[

1 Ts
0 1

]
(48)

Q = diag(axQ1, ayQ1, aρTs), Q1 =

[
T 3
s

3
T 2
s

2
T 2
s

2 Ts

]
(49)

where ax and ay determine the process noise intensity for the
Cartesian motion, and aρ describes the amplitude fluctuation.

Table I
PARAMETERS USED IN SIMULATION

Parameter Symbol Value
Signal to Noise Ratio SNR 10dB

Range Quant Size R 10m
Doppler Bin Size D 2m/s

Beam Spacing B 1 deg
Radar Sampling Time Ts {4, 1}s

Maximum Target Speed vmax 15m/s
Filters Process Noise ãmax {.1, 1}m/s2

A Radar positioned at the Cartesian origin collects a
measurement zk at every time instant k. Such measurement
consists of Nr×Nd×Nb power measurements zlmnk , one for
each range-Doppler-bearing Radar cell, i.e.,

zlmnk =
∣∣zlmnρ,k

∣∣2 , k ∈ N (50)

where zlmnρ,k is the complex signal, i.e.,

zlmnρ,k = ρk exp {iφk}hlmn(xk) + nlmnk , φk ∈ [0, 2π) (51)

where nlmnk is complex Gaussian noise with variance 2σ2
n, i.e.,

the real and imaginary components are zero-mean Gaussian
with variance σ2

n. The term hlmn(xk) in eq. (51) is the target
reflection form and is defined as:

hlmn(xk)

4
= exp

{
− (rl − rk)2

2R
− (dm − dk)2

2D
− (bn − bk)2

2B

}
(52)

l = 1, . . . , Nr; m = 1, . . . , Nd; n = 1, . . . , Nb; k ∈ N

and the following equations are used to map the state space
into the measurements space, i.e.,

rk =
√
x2
k + y2

k (53)

dk =
xkẋk + ykẏk

rk
(54)

bk = arctan
(
yk
xk

)
(55)

Notice that the reflection form in (52) describes the intensity
of the target signal in the Radar cells surrounding the target.
The parameters R, D, and B are related to the size of a
range, doppler, and bearing cell, respectively. All the important
parameters used in simulation are reported in Table I.

We consider a simplified version of the Track-Before-
Detect (TBD) problem, where a single-target moves within the
surveillance area and never leaves the sensor Field-of-View
(FoV). In particular, we focus on the two slightly different
scenarios depicted in fig. 1. Both scenarios model the realistic
case of a ship traveling within a canal at a constant speed:
(Case 1) is a straight line trajectory and is tracked using
a sampling time Ts = 4 sec, while (Case 2) is a slowly
maneuvering trajectory (amax = 0.5m/ sec2) and is tracked
using a sampling time Ts = 1 sec.

We tested three PF algorithms and compared the proposed
KB Fixed-Lag Smoother versus the standard Unconstrained
SISR-PF, which does not exploit the additional knowledge, and
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Figure 1. Scenarios considered in simulation: (1) straight line trajectory; (2)
slowly maneuvering target (amax = 0.5m/ sec2). Both cases model a ship
traveling within a canal (shipping lane) at a constant speed of 10m/s.

the Pseudo-Measurements PF, which exploits the knowledge
on the constraints at time k. Notice that for both scenarios,
the extraction of the conditional mean is correct, as well as
the use of the position Root Mean Squared Error (RMSE)
for performance comparisons, since there cannot be multi-
modalities in the posterior PDF and the target trajectory is
symmetric with respect to the constraints. If one of this
conditions is not verified, a MAP estimator should be used
to extract estimates, and the Kullback-Leibler Divergence
with respect to the true posterior PDF should be used for
performance comparisons.

In fig. 4 we report the empirical posterior PDF and the con-
ditional mean for the three filters over a single trial for (Case
1). Notice that for this scenario, the KB Fixed-Lag Smoother
is implemented following the trajectory-based approach to
smoothing, i.e., through extraction of the ancestry tree. It is
immediate to verify that the posterior PDF is less uncertain
and pickier than the one obtained by classical constrained
filtering. This justifies the improvements in terms of average
Position RMSE reported in fig. (2). The same performance
metrics are evaluated for (Case 2), and reported in figs. (3) and
(5). Here the KB Fixed-Lag Smoother is implemented through
the forward filtering backward smoothing recursion. Notice
that in order to limit the computational burden, the proposed
filter only uses 10% of the particles, i.e., the x-axis values in
fig. (3) have to be scaled down by a factor 10 when checking
the performance of the KB Fixed-Lag Smoother.

VI. CONCLUSIONS

We propose a new method for Bayes optimal processing of
possibly available external knowledge that can be formalized
in terms of hard constraints on the system dynamics. The new
algorithm is based on the idea of using a fixed-lag smoother
to perform forward processing of knowledge. That is, the one
step ahead prediction of the particles cloud at time k is such
that most of the particle trajectories verify the constraints at
successive time instants.

We formally show that in this way the uncertainty in

Figure 2. Time averaged Position RMSE for a varying number of particles.
All filters use the same number of particles, and the KB Fixed-Lag Smoother
is implemented through extraction of the ancestry tree (L = 4).

Figure 3. Time averaged Position RMSE for a varying number of particles.
The KB Fixed-Lag Smoother is implemented through the forward filtering
backward smoothing recursion, and uses 10% of the particles (L = 3).

the posterior PDF can only reduce in terms of the entropy,
allowing for sensible improvements in tracking performance.
Preliminary simulations show that such improvements can be
of great interest when tracking targets with low SNR in the
Track-Before-Detect (TBD) framework.

Future research will consider in-depth parametric analyses
with respect to the fixed-lag L. We expect a dependence
between the attainable improvements by increasing L and the
minimal number of particles. Furthermore, we will investigate
more efficient implementations of the proposed algorithm by
means of the two-filter formula for smoothing and N-body
methods to approximate the sum-kernel problem.
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